¢ 1 15.04.2015 Preliminary Discussion / Introduction

e 2 22.04.2015 Experiments (discovery of the positron, formation of antihydrogen, ...)
e 3 29.04.2015 Experiments (Lamb shift, hyperfine structure, quasimolecules and MO spectra

¢ 5 13.05.2015 Theory (bound-state solutions of Dirac equation, quantum numbers)

¢ 6 20.05.2015 Theory (matrix elements and their evaluation, radiative decay and absorption)
< 7 27.05.2015 Experiment (photoionization, radiative recombination, ATI, HHG...)

« 8 03.06.2015 Theory (single and multiple scattering, energy loss mechanisms, channeling regime)
¢ 9 10.06.2015 Experiment (Kamiokande, cancer therapy, ....)

« 10 17.06.2015 Experiment (Auger decay, dielectronic recombination, double ionization)
« 11 24.06.2015 Theory (interelectronic interactions, extension of Dirac (and Schrédinger) theory for the
description of many-electron systems, approximate methods)

¢ 12 01.07.2015 Theory (atomic-physics tests of the Standard Model, search for a new physics)
« 13 08.07.2015 Experiment (Atomic physics PNC experiments (Cs,...), heavy ion PV research)

From Schroédinger to Dirac equation

(Spin, relativity, general structure of Dirac equation)




[» Solutions of Schrodinger equation: Wavefunctions, energi £8 ]
quantum numbers

» Particle’s spin and relativity: Ideas which brought us to Di rac
equation

» Dirac equation and free-particle solutions

» Negative-energy solutions of Dirac equation: Concept of
antiparticles

+ 3D Schrodinger equation (time-independent):

L DY) V() =Y ()
m

& + Where Coulomb potential is:
ze’

V(r)=-"—
Ir
+ Electron is bound to nucleus by the central force Lt

depends only on the radial distance between an
electron and nucleus!

v' It is natural to solve Schrodinger equation
From www.hyperphysics. phy-astr.gsu.edu for central force in spherical coordinates!




Cartesian vs. spherical coordinates

(just a reminder)

[Cartesian coordinates] [Spherical coordinates]
(x,¥,2) r.0,4) =
7-Axis
.[ Point (x,y,2) ' 'y
L Dy o,
) /é/{y
X-Axis <
: — [y2 2 2
X =r sindcosy r=4x+y+z

y =rsingdsing

_ z
Z=1cosd 6= arCCOEmJ

@= arctarEXj
X
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Schrodinger equation for hydrogen atom

» It is natural to solve Schrddinger equation for central
force in spherical coordinates! /

|

|

| 6
[

-S—Dzl//(f)+V(F)¢/(f)=Ew(F) < WORG) I

+ Potential t V(r)= 2o’ __zef "r, §
nt rm: e £
e Irl r r=0.64)) :

2

+ Laplace operator:  [12 =];a(rzaj+ 5 1 a(sin96j+ 5 :_LZ 0 5
reor or) r<sindoé@ 08) r<sin“@0¢

We can re-write Laplace operator as:

: 2
D2=126(r26j— 212 - h? _1 . (siné’ £ ]-i— 12 62
reor or) r<h sing 08 06) sin“6dg

s A,
Operator L? (depends only on #and ¢
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Problem 4.1 (Angular momentum operator)

Prove that Cartesian components of the angular momentum operator:
L=Fxp=-in(rx0)

read as:

|

~ (. 0
L, =i sing— +cotfco
X [% . 2

. 0 . 0
=ih| —cosp— +cotdsing—

Ne—

9
o

' 2 2 2 2
andfind L° =L, +Lj +L;

06 May 2015

Schrddinger equation for hydrogen atom

» In spherical coordinates Schrodinger equation reads: : 2
2 e 2 / K %

" 10(,0 Ze _ e

g et LAl e il ORI = (O N G S LS
2mr* or or) /2mr r P g

S b g

r-dependence r-dependence \\ i P B

(6,¢) — dependence T %

r={,6,¢) 2

Such a decomposition of Hamiltonian operator
gives us a hint to search for similar angle-radial
decompositions of a wavefunction!

» Moreover, L2 and L, commute with Hamiltonian (and with

each other): ~ oA PN
[L2,H]=0, [L,,H]=0

|:> Eigenfunctions of Hamiltonian operators are at the same time eigenfunctions of
operators L2 and L,.

06 May 2015




Problem 4.2 (Commutation relations)

Prove that:
[[2,H]=0, [L,,H]=0
and
[Lx, Ly] = ihLZ, [Ly, LZ] = ihLX, [LZ, LX] = ihLy
Just a reminder: [A é] = Aé— éA
06 May 2015

Schrddinger equation for hydrogen atom

» In spherical coordinates Schrodinger equation reads: / :
7 | 8
4L =7 il = - [. o
2mr?or or) /2m?  x M@ T e)

N —— e

R 2

r-dependence r-dependence \\ i ,:

(6,9) — dependence T
r=(.6.9)

» We may thus look for solutions of the Schrodinger
equation which are simultaneously eigenfunctions of the
operators H, L2 (and L,):

Yr)y=¢(r.0,4) =R, ()Y, (6,9)
\

Radial wavefunction Angular part
(spherical harmonics)

Spherical harmonics are the eigenfunctions of the o perators L?and L, .

06 May 2015

From www.hyperphysics.phy-astr.gsu.edu




2

» Spherical harmonics are the eigenfunctions e
of the operators L2and L, :

.. F

2

=
s

[¥Pee. #)

LY, (6,9) =11 + D77, (6.9)

®

LzYIm (9, ¢) =mi Ylm (9, ¢) e o reel el
» Analytic expressions for the spherical el veal  heer  Ee e
harmonics are well known: ‘ ' t ‘

_ 1 '
YOO(B, ¢) - E From http://mathworld.wolfram.com/
Yio(6.8) = |- O, Y (6,) =T, sinBe

a4 8
SphericalHarmonicY
See, for example, in Mathematica: O

® One needs three quantum numbers N=¢t.6,0) = Y. (6,
to define the state of hydrogen lﬁ( ) lﬂ( ¢) R”'( ) "“( ¢)
(hudrogen-like) atom: 5
[
® n =1,2 3... (principal) )
® | =0,..n-1 (orbital) 2 Electron is free
. L
® m =-, ...+l (magnetic) 0 [----"="="="="""""""""-"""°"--
Electron is bound to ion
® The energy depends only on the 3s (n=3, 1=0) ls-p.('n;la.' |'='1-)' 3d (n=3, I=2)
principal quantum number: -1/18
) -1/8 2s (n=2, 1=0) 2p (n=2,1=1)
£, Z
E,=- 5
2n
® i.e.in nonrelativistic theory the
states are degenerate (I, m)! 12 | =0




Schrddinger equation: Quantum numbers

@ One needs three quantum numbers éi'/(f) :W(r:9r¢) = Rﬂ (r)Y|m (5!@

to define the state of hydrogen
(hudrogen-like) atom:

Orbitals

1, 2, 3... (principal)
, ... n-1 (orbital)
-l, .... +l (magnetic)

n
|
m

¢ Let us consider electron density
distribution:

plr) = () =|Ry (1) M (6.0)]

+ Byfixing r:

plr = const, 6,6)~ Y., (6.9)]

By choosing | and m we define the shape of electron cloud!

v’ Please, remember: states with different | and m (but the same n) have the same energies!

06 May 2015

Plan of lecture

» Solutions of Schrédinger equation: Wavefunctions, energi es,
guantum numbers

»

Particle’s spin and relativity: ldeas which brought us to Di rac
equation

» Dirac equation and free-particle solutions

» Negative-energy solutions of Dirac equation: Concept of
antiparticles

06 May 2015




Breaking of symmetry: ,Normal“ Zeeman effect

Pieter Zeeman

1902 Nobelprize . Zeeman effect: splitting of a
- spectral line into several
@ components in the presence B

of a static magnetic field. o 2 D . S
& @@’w

Zeeman Effect
(circa 1896)

Picture from: www.magnet.fsu.edu

Magnetic field "off’ Magnetic field ‘on’

m, =+1
. B 2p (n=2, 1=1) m =0
2p(n=2,1=1,m,=-1,0,1) m = -1
1s (n=1, I=0) 1s (n=1, I=0)

This effect was understood within the Quantum Mechanics.
06 May 2015

Electron magnetic dipole moment

L In classical
electrodynamics:

&y M

current
I vector area

of the
B current loop

oo Ason ety Loogman,

|pl=1 A== po= 9 =9
T 2 2m 2m

In quantum me¢hanics,
for electron: e

A A eh
w =L 1R, :uo:ﬁ

Bohr magneton

06 May 2015




Electron magnetic dipole moment

[lnteraction with external magnetic field

Hi =—n B

By choosing z-axis along B:

Hint :_A,ZB:/'IUBLz/h

J

Energy shift (1 st order perturbation):

AE, = <l//nlm ‘ HAint Doim, > = 1,Bm

Magnetic field “off” Magnetic field “on”

2p (n=2,1=1,m, =-1,0, 1) —_— =+l
—

20 (122,15) e M, =0
—> ———

06 May 2015

,Normal“ Zeeman effect

Pieter Zeeman

1902 Nobelprize . Zeeman effect: splitting of a

- spectral line into several

@ components in the presence B i

of a static magnetic field. oA TH N0
& @@’w

Zeeman Effect

Picture from:  www.magnet.fsu.edu

(circa 1896)
Magnetic field "off’ Magnetic field ‘on’
m =+1
2p (n=2,1=1,m,=-1,0,1) 2 (n=2,1=1) m: : ?1
1s (n=1, I=0) 1s (n=1, I=0)

So far everything looks clear...
06 May 2015




JZAnamalous” Zeeman effect

» Zeeman effect: splitting of a spectral line into
several components in the presence of a static
magnetic field.

Alfred Lande

» But... a lot of experimental data have been
obtained which can not be explained within the
“Schrodinger picture”.

Magnetic field “off’ Magnetic field “on

1

m =+
p(=2,1=) — % _ m=n

2p(n=2,1=1,m;=-1,0,1) L

1s (n=1, I=0) 1s (n=1, I=0)

06 May 2015

From Zeeman effect to concept of spin

Wolfgang Pauli

“How can one avoid despondency if one thinks

of the anomalous Zeeman effect?”  (1925)

Uhlenbeck Goudsmit

» Pauli introduced the idea of a new quantum degree of
freedom (or quantum number) for electron with two

possible values .

» Ralph Kronig, George Uhlenbeck and Samuel

» Magnetic moment can be associated with spin and is
“responsible” for the interaction with magnetic field.

06 May 2015

N 5
Goudsmit: every electron carries intrinsic angular
momentum called spin.

s N

10



[Orbital magnetic moment]

£ In classical
, electrodynamics:
1
T T
U T TA
A [
- Va \
‘1\ * current vector area
of the
A current loop

\Y
=1 A=dm2= o= D pypy=9
T 2 2m 2m
In quantum me¢hanics,
for electron:|g=4{e

-2
0 2”_'e

Bohr magneton

ﬁ| =_:Uo|:/h7

[Spin magnetic moment]

classical L
picture spin

charge

ﬁs = _gsﬂoé/h
/

Gyromagnetic rato

» Total magnetic moment is given finally by:

ji=—,(L+9S)/n

» And it interacts with external magnetic field as:

% Measurements of the total magnetic

fundamental importance for analysis of gyromagnetic ratio

PRL 97, 030801 (2006) RHYSICAL REMIEW LETTHRS 58
New Mg of the Elcetron M: ic Moment Using a One-Electron Quantum Cyclotron

B. Odom.” D, Hanneke, B, D"Urso.” and G. Gabrielse®
Department of Finysics, Harvard Untversity, Cambridge, Massachusetis 02138, USA
(Received 17 May 2006; published 17 July 2006)

A new measurement resolves cyclotran and spin levels for a single electon quinwm cyelotron
obiain um elevtron manetic moment, given by g/2 = 1001159652 18085 (76) [0.76 ppt). The uncer-
tainty is nearly 6 times lower than in the past, and g is shifted downward by 17 standart! deviations The.
new . with 2 quantum electrodynamics (QIT) caleilarion. determiines the fine stmctire constant with
47 pph uncertainty 10 times smaller than for atwm recoil determinations. Remarkably, this 100 mK
measurament probes for intarnal electron suucwre at 130 GeV.

DO 101103/PhysRevLell 97030501 PACS numrs: 0620, 1220, 1340, 14.60.C

momentum is of

g/2=1 (Dirac theory)

0/2=1.001 159 180 ...

11



» Total magnetic moment is given finally by:

ji=—,(L+gS)/n

» And it interacts with external magnetic figfd as: H=- H (B

[Orbital magnetic moment]

» We have discussed already the
properties of angular momentum
operator L:

L2Y,.,(6,4) =1 (1 + )1, (6.9)
LY,n(6.9) = X, (6,9)
m=-,....+1
» And its commutation relations:

X1

We shall assume that all
angular momentum operators

satisfy these commutation
relations!

12



[Orbital magnetic moment]

» We have discussed already the >
properties of angular momentum
operator L:

LY, (6,9) =1(1 +D1%Y,,,(6.9)
I:zYIm (6,9) =mn Ylm ©6.9)

=)

m=-,....+1
» And its commutation relations: >
[L, L] =inl,, [L,, ] =inL,,
[L,,C]=inL,
06 May 2015

Orbital and spin angular momentum operators

[Spin magnetic moment ]

We shall expect the following
properties of spin angular
momentum operator S:

éZ/Ysms = S(s+1)A% Xy,
S Xan, =M1 X,
-8 48

And its commutation relations:

[S..S,1=i7S,,[S,,S,1=irS,,
[S,.S,]=inS,

Spin operator and wavefunctions

® Let us restrict ourselves to the case of electron (

@ Spin-1/2 basis wavefunctions: IS I’T]S >= )(SmS

two possible spin states).

1
[sm,>=|1/2 +1/2>:(0J§ |sms>:|1/2—1/2>:((3 é

® Spin-1/2 operators are the 2x2 matrices:

S =

X

6.8, =

N | S

® Where Pauli matrices are:

ool porfl Sols )

06 May 2015
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Spin operator and wavefunctions

® What does it mean that electron is in the state wit ~ h spin projection +1/2?

Let us calculate matrix elements (mean values of sp  in projections):

~ o ~ /]
<S8 >=< Xy IS | Xu2 >=0,<s,>=< )y, |sy [ Xu2>=0,<5,>=< )1, IS, | Xu2 >:E

® Can we now say that “electron spin is along Z axis”?

® |etus calculate the variance:
R hZ . 2
< Xy (8= <8, >)? | X1z > = 2 < X2 |(Sy_ <S, >)? [ X1, >= 7
z axis
2 £
%
g
s
5
06 May 2015
Problem 4.3
Find the state vector for the electron with spin projection +1/2 on the x-axis.
06 May 2015
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» We may include electron spin into consideration:

Wm (1) =W (1,6,0) = R, (1) Y, (6,9)

Guman, (1) = Waiman, 1,6,8,0) = R, (1)Y,5, (6,8) Xo, (0)

f(r)
» These wavefunctions are spinors: wmmsms = (

g(r)

# This (rather simple) approach can be used for the case studies where
particles are slow enough so that the relativistic effects are negligible.

# We are still missing something.

» Solutions of Schrddinger equation: Wavefunctions, energi es,
quantum numbers

» Particle’s spin and relativity: Ideas which brought us to Di rac
equation

» Dirac equation and free-particle solutions

» Negative-energy solutions of Dirac equation: Concept of
antiparticles

15



Hydrogen-like ions: Relativistic effects

/h
i
. . pd
® \We wantto study very heavy ( Z >> 1) ionic systems!!! L/
® From the simple model one can “estimate” the electr on
“velocity” in the ground state:
v=(aZ
2 EN o
Speed of light prd /
® Forhydrogen (z=1):  gZ=1/137=0.00729 (* v
¥/K'

® For hydrogen-like Uranium (Z2=92): aZ= 067

Electron is moving at velocities very close to the speed of light!
The relativistic effects have to be taken into acco  unt!

06 May 2015

Special relativity

» Special theory of relativity is the
theory of measurement in inertial
frames of reference.

» It generalizes Galileo’s principle
of relativity.

Albert Einstein Hendrik Lorentz Henri Poincaré

3. Zur Elektrodynamik bewegter Korper;
von A. Einstein.

DaB die Elektrodynamik Maxwells — wie dieselbe gegen-
wartig aufgefaBt zu werden pflegt — in ihrer Anwendung auf
bewegte Korper zu Asymmetrien fiihrt, welche den Phanomenen
nicht anzuhaften scheinen; ist bekannt. Man denke z. B. an
die elektrodynamische Wechselwirkung zwischen einem Mag-
neten und einem Leiter. ‘Das beobachtbare Phinomen hingt

06 May 2015
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Fixed frame Moving frame

z z @ By approaching speed of light, we find:

y y |:>
¥ .
4 . ® Lengthcontraction L=L,/y
X X
=L, = . - _
Fixed frame Moving frame L Tlme d||at|0n T - TO y
y v . @ The increase in effective mass m=m, y
% 2 x ® The change in relativistic momentum p=myvy

® The electro-magnetic field is also
transformed!

® Example: Lienard-Wiechert
potential (transformation of
the Coulomb potential)

» Solutions of Schrddinger equation: Wavefunctions, energi es,
quantum numbers

» Particle’s spin and relativity: Ideas which brought us to Di rac
equation
[» Dirac eguation and free-particle solutions ]

» Negative-energy solutions of Dirac equation: Concept of
antiparticles

17



® A quantum treatment of the electron motion in
heavy ions requires the use of the Dirac
equation which is the relativistic wave
equation for a ¥2-spin particles.

Paul Dirac
1933 Nobel prize

® Time-dependent Dirac equation reads: é

A
ot

=Hy(r,t)

Which looks like Schrédinger equation but ....
... what is the Dirac Hamiltonian?

Let us consider Dirac Hamiltonian for the simplest case: free particle.

® A quantum treatment of the electron motion in
heavy ions requires the use of the Dirac
equation which is the relativistic wave
equation for a ¥2-spin particles.

Paul Dirac
1933 Nobel prize

® Time-dependent Dirac equation reads: é

Lot (. »
|h—at ( |hwm+ww(r,t)

Kinetic term Rest mass term

p=-irn0
4+ Note: Dirac equation is the first-order differentia | equation (in contrast to
Schrédinger one)!

4+ The important consequence: the Dirac equation is re lativistically invariant!

18



L ow(r,t .
|h%:(—|hw m + n@w(r 1)
Kinetic term Rest mass term

® 4x4 matrices are built up from Pauli matrices:

(2]

® Wavefunctions in the Dirac equation are four-spinor S:

$.(1)
$.(1) o (s : : :
b (1) g =) g #) $un)

A

Can we find explicit form of Dirac wavefunctions?

w(r)=

® We may re-write Dirac equation in its time-independ  ent form:

(—ihCa M + meczao)w(r) =Ey(r)

+ We will look for plane wave solutions:

Momentum of electron

_— >

W, (r) = w(p)exp(ipz / 1) Qutzainans
4+ We obtain the system of equations (here written in matrix Electron moves along z-
form): axis with momentum p
m.c’ 0 pc 0
2 -

0 mec 0 ) e w=Ew

pc 0 -mc 0

0 - pc 0 -mc®

4 ... which is standard eigenvalue problem.

19



#+ Task 4.3

Prove that plane wave solution for the Dirac equation of free particle:

@, (r) =w(p)exp(ipz/n)

leads to the system of equations:

2 0 pc 0
m,c? 0 - pc

0 -mc® 0
- pc 0 -mc?

w=Ew

g oz

Find solutions of this system of equations.

18 October 2010

Plane wave solution of Dirac equation

@ \We obtain the system of equations (here written in matrix form):

m,c? 0 pc 0
2 -
0 m.c i 0 , pc W= Ew
pc 0 m.c 0
0 - pc 0 -mc

@ Two types of solutions can be obtained by solving t his system (finding
determinant of the matrix):

E.(p) =+/(m,c?)? + (pc)? Elpl=-Jme) +(pc)

Solution with negative energy!

@ To each energy corresponds two wavefunctions. For e xample, positive-energy
solutions are:

1 0
Electron spin 0 1 Electron spin
OoO— W, =Nj € Wy, =N 0 O—
Momentum of electron E+ + I'T]eC2 —Cp Momentum of electron
2
0 E, +mc

06 May 2015
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Plane wave solution of Dirac equation

® To each energy corresponds two wavefunctions. For e xample, positive-energy
solutions are:

1 0
. Electron spin
Elect DA
ectron spin 0 1
—_— W, =Nj € Wy, =N 0 O—
Momentum of electron E+ + rnecz - Cp Momentum of electron
2
0 E, +mc

@ By making use the properties of the Pauli matrices and the spin wavefunctions,
we finally obtain:

Xem,
W, =N|_cpo,
E+ + rneCZ S

Free-electron wavefunction (plane wave solution) is written now as bispinor__.

06 May 2015

.Problem* of negative energy solutions

@ \We obtain the system of equations (here written in matrix form):

m,c? 0 pc 0
2 -
0 m.c i 0 , pc W= Ew
pc 0 m.c 0
0 - pc 0 -mc

determinant of the matrix):

E.(p) =+/(mc?)? + (pc)? E_(p) = -y/(m.c?)? + (pc)?

Solution with negative energy!

@ Two types of solutions can be obtained by solving t his systen/

@ To each energy corresponds two wavefunctions. For e xample, positive-energy
solutions are:

1 0
Electron spin 0 1 Electron spin
OoO— W, =Nj € Wy, =N 0 O—
Momentum of electron E+ + I’T]e()2 —Cp Momentum of electron
2
0 E, +mc

06 May 2015
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» Solutions of Schrddinger equation: Wavefunctions, energi es,
quantum numbers

» Particle’s spin and relativity: Ideas which brought us to Di rac
equation

» Dirac equation and free-particle solutions

+ Negative-energy solutions of Dirac equation: Concept of
antiparticles

@ For the free particles we found:

E.(p) = £4/(m,c?)? + (pc)?

® Energy of positive energy particles:

® Energy of negative energy particles:

E.(p)>mc?

E_(p) <-m.?

“Free” electrons with positive energy

Bound electrons ( next theoretical lecture )

“Free” electrons with negative energy

Where is the problem here?

22



® In 1930 Paul Dirac have proposed a theoretical mode | of the vacuum as an
infinite sea of particles possessing negative energ Y.

“Free” electrons with positive energy

+me2

———@ ———— Bound electrons ( next theoretical lecture )

“Free” electrons with negative energy

® Since all the states in Dirac sea are occupied “our " electron can not go down
from the domain of positive energies. (Pauli princi ple.)

@ Situation might exist in which all the negative-energy stat es are occupied except
one. This "hole" in the sea of negative-energy electrons wou Id respond to electric
fields as though it were a positively-charged particle.

“Free” electrons with positive energy

+mc2

——@— Bound electrons ( next theoretical lecture 1)

“Free” electrons with negative energy

® How to understand the hole?

23



Antiparticles

» How can one understand “holes”

1931:2 QUANTISED SINGULARITIES IN THE ELECTROMAGNETIC FIELD

505

in the Dirac sea?

+mc N
-mc? lE
I
“New kind of particle, unknown to experimental physics” was ;

discovered just in 1932 by Carl David Anderson.

06 May 2015
Plan of lectures
1 15.04.2015 Preliminary Discussion / Introduction

2 22.04.2015 Experiments (discovery of the positron, formation of antihydrogen, ...)

3 29.04.2015 Experiments (Lamb shift, hyperfine structure, quasimolecules and MO spectra)
4 06.05.2015 Theory (from Schrodinger to Dirac equation, solutions with negative energy)

5 13.05.2015 Theory (bound-state solutions of Dirac equation, quantum numbers)

6 20.05.2015 Theory (matrix elements and their evaluation, radiative decay and absorption)

7 27.05.2015 Experiment (photoionization, radiative recombination, ATI, HHG...)

8 03.06.2015 Theory (single and multiple scattering, energy loss mechanisms, channeling regime)

9 10.06.2015 Experiment (Kamiokande, cancer therapy, ....)

10 17.06.2015 Experiment (Auger decay, dielectronic recombination, double ionization)

11 24.06.2015 Theory (interelectronic interactions, extension of Dirac (and Schrédinger) theory for the

description of many-electron systems, approximate methods)

12 01.07.2015 Theory (atomic-physics tests of the Standard Model, search for a new physics)
13 08.07.2015 Experiment (Atomic physics PNC experiments (Cs,...), heavy ion PV research)
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