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Exploring the QCD phase diagram

Color super-
conductor
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Fluctuations at CEP
Fluctuations at µB ' 0
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Focus on µB ' 0

Use results from Lattice
QCD and model
calculations (FRG) to
explore the critical
dynamics of conserved
charges at the QCD
transition (so far on a
qualitative level).
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Critical fluctuations and critical slowing down

Critical fluctuations at 2nd order phase transition

Landau theory:

Ω(σ) −Ωbg ∼ tσ2 + λσ4

t = (T − Tc)/Tc (λ > 0)
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χσ = 〈σ2〉 large at t = 0

Critical fluctuations:

Low energy: small fraction of all modes
→ EOS, expansion dynamics '

unaffected

Example: Ωsing ∼ t2−α, α ' −.2

→ Need derivatives to “see”
singularity!

χn = ∂nΩ/∂tn ∼ t2−α−n

(susceptibilites↔ fluctuations)

Long wave length: critical slowing down
↔ Slow equilibration of soft modes
→ Need time to see fully develop

criticality!
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Example: critical opalescence

Mixture of methanol and cyclohexane:

One phase (T > Tc): Critical point (T = Tc):

Light scattered on critical fluctuations
separated fluids↔ uniform mixture

index of refraction, n1 , n2
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Critical fluctuations→ phase boundary?

Fluctuations of order parameter→ ∞ at 2nd order transition
< ∞ at cross over transition

Fluctuations of order parameter (Chiral susceptibility)

χm =
T
V
∂2 logZGC(T , µ, v)

∂m2
q
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Figure 14: The renormalized two-flavor chiral susceptibility χR for the asqtad and HISQ/tree actions obtained at ml = 0.05ms

and compared with the stout action results [22]. The temperature scale is set using r1 (fK) in the left (right) panels.

V. O(N) SCALING AND THE CHIRAL TRANSITION TEMPERATURE

A. The transition temperature using the p4 action

In this section, we use the universal properties of the chiral transition to define the transition temperature and
its quark mass dependence for sufficiently small quark masses, as discussed in Sec. III. The scaling analysis of the
chiral condensate leads to a parameter free prediction for the shape and magnitude of the chiral susceptibility. In the
vicinity of the chiral limit, the peak in the chiral susceptibility corresponds to the peak in the scaling function fχ(z)
and the quark mass dependence of the pseudocritical temperature Tc is controlled entirely by the universal O(N)
scaling behavior. Keeping just the leading term proportional to a1 in the regular part, the position of the peak in
χm,l is determined from Eq. (16) using

∂

∂T

(
m2
s χm,l(t, h)

T 4

)
=

1

h0t0T 0
c

h1/δ−1−1/βδ d

dz
fχ(z) +

a1
T 0
c

= 0 , (35)

which, for zero scaling violation term, i.e., a1 = 0, gives the position of the peak in the scaling function fχ at z = zp
(see Sec. III). The strange quark mass on the left hand side is included only for consistency as the derivative is taken
keeping it constant. For small light quark masses, we can expand fχ(z) around zp:

fχ(z) = fχ(zp) +Ap(z − zp)
2 . (36)

In this approximation, the location of the maximum in the chiral susceptibility varies as

z = zp −
a1t0h0
2Ap

h1−1/δ+1/βδ , (37)

and the variation of the pseudocritical temperature as a function of the quark mass is given by

Tc(H) = T 0
c + T 0

c
zp
z0
H1/βδ

(
1− a1

2Apzpz0h
−1/δ
0

H1−1/δ+1/βδ

)

= T 0
c + T 0

c
zp
z0
H1/βδ

(
1− a1t

β
0

2Apzpz01−β
H1−1/δ+1/βδ

)
. (38)

Recall that T 0
c is the transition temperature in the chiral limit. Thus, to determine the pseudocritical temperatures

Tc(H), we need to perform fits to the chiral condensateMb, defined in Eqs. (12) and (13), to determine the parameters
T 0
c , z0, t0, a0, a1 and a2 in the scaling and regular terms. Theoretically, one expects the O(4) Ansatz to describe the

(BNL-Bielefeld)
cross over, finite volume→ no divergence

Freeze-out close to chiral cross over

Tc(µ) ' Tc(0)(1 − 0.06(µq/Tc(0))2)
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Why conserved charges?

Problems with fluctuations of order parameter
- No direct measurement
- Destroyed by subsequent interactions

Fluctuations of conserved quantities
+ Survive if

→ Total system large
→ Surface effects small

+ Measurable event-by-event (difficult?)
- Critical fluctuations suppressed→ higher cumulants!
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Fluctuations of conserved quantities

Consider small subsystem v � V

Grand canonical fluctuations

P(N, v) = e µN ZC(T ,N, v)
ZGC(T , µ, v)

〈Nn〉 =
∑

N

NnP(N, v)

Cumulants (gen. susceptibilities)

cn =
∂n logZGC(T , µ, v)

∂(µ/T)n ∼ χB
n ≡ χ

(n)
B

c2 = 〈N2〉 − 〈N〉2 ≡ 〈(δN2)〉 ∼ v

δN = N − 〈N〉

c4 = 〈δN4〉 − 3〈(δN)2〉2 ∼ v

“v” sub volume in phase space

!
"
# !

$
#

%&#

(Τ, µ)

STAR, HRG

Bengt Friman (GSI) Fluctuations EMMI-NQM 8 / 26



Critical scaling

Chiral transition of 2-flavor QCD expected in universality class of 3d O(4) spin model
(Pisarski & Wilczek 1984)

Singular part of free energy density:
f = fr + fs where fs(t, h) = h1+1/δff (z)

Scaling variable (no other scale)
z = t/h1/βδ

t = (T − Tc)/Tc

h = mq/Tc

Order parameter
M = −∂f /∂h ' h1/δfG(z)
fG(z) = −(1 + 1/δ) f (z) + (z/βδ) f ′(z)
M/h1/δ = fG(z)

Chiral susceptibility

χm =
∂M
∂h
∼ h1/δ−1 ∼ ξ2 → ∞ (h→ 0)

β ' .38, δ ' 4.8

(Ejiri et al., HotQCD, 2009)
10
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FIG. 6: The order parameters M (left) and Mb (right) for all quark mass values, ml/ms ≤ 0.4, and all values of the gauge
coupling, β ∈ [3.28, 3.33], used in this study. The scaling variables t and h used to compare with the O(2) scaling function are
taken from the fit to the light quark mass results shown in Fig. 5.

linear in the light quark mass. In our analysis of the order parameter, performed in a larger temperature and quark
mass interval, we clearly see these differences and their role in contributing to violations of scaling. This is shown in
Fig. 6. Most prominent are effects arising from a too large quark mass value. These effects show up in the scaling
plot as deviations from the scaling function in the region of small z, i.e. for large quark masses at fixed t. They
lead to the sizeable displacement of results obtained for too heavy quarks from the scaling curve. Effects that arise
because the temperatures chosen are too far away from the critical point, t = 0, are typically not that drastic in our
data sample. We fitted the scaling violations to an ansatz

M(t, h) = h1/δfG(t/h
1/βδ) + atth+ b1h+ b3h

3 + b5h
5 . (16)

We also considered including a term quadratic in the reduced temperature (∼ t2h). This correction, however, turned
out to vanish within the errors of our fits.
The fits of both order parameters performed with the ansatz given in Eq. 16 are shown in Fig. 7. As expected, we

find that corrections linear in ml/ms are eliminated in M . The corresponding fit parameter b1 is zero within errors
and we therefore have fixed it to be zero in the fit shown in Fig. 7 (left). For the non-subtracted order parameter Mb

this term gives the dominant finite quark mass corrections. Here we find b1 = 0.0013(3).

C. Scaling of the chiral condensate

We have seen in the previous section that order parameters constructed from the chiral condensate are well described
by the magnetic equation of state for small enough values of the light quark masses, ml/ms<∼1/20. We want to
underscore this point here by displaying the order parameters not in their scaling form, but as a function of temperature
in units of the transition temperature determined in the previous section. This is shown in Fig. 8. The curves drawn
in this figure are taken from the scaling fits to the subtracted and non-subtracted order parameters shown in Fig. 5.
They had been obtained from the numerical results for M (left) and Mb (right) in the range ml/ms ≤ 1/20 and
T/Tc = 1± 0.03.

D. Comparison with earlier calculations in 2-flavor QCD

As mentioned in the Introduction, there have been earlier attempts to compare the quark mass and temperature
dependence of the chiral order parameter with O(N) scaling functions on lattices with temporal extent Nτ = 4
[6, 8, 9]. These calculations had been performed for 2-flavor QCD using unimproved gauge and staggered fermion
actions. In Ref. [6] calculations with three quark mass values had been performed, m̂ = 0.008, 0.0125 and 0.025. The
last two masses are similar to the two mass values used in Ref. [8], i.e. m̂ = 0.01335 and 0.0267. In fact, results for

Physical mπ in O(N) scaling regime!

Gσ(r) ∼
1
r

e−r/ξ
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Baryon-number susceptibilities (µq = 0)

generalize scaling parameter t = (T − Tc)/Tc + κ(µq/Tc)2 z = t/h1/βδ

χB
2n = −∂2n(f /T4)/∂(µ/T)2n ∼ −h(2−α−n)/βδ f (n)

f (z) + . . .

χB
4 ∼ −h−α/βδ f (2)

f (z) finite in chiral limit (α ' −0.2)

χB
6 ∼ −h−(1+α)/βδ f (3)

f (z) ∼ ξ1.1

χB
8 ∼ −h−(2+α)/βδ f (4)

f (z) ∼ ξ2.4

O(4) order parameter scaling
function (Karsch & Engels)

Figure 8: The scaling function f ′
f(z) as a function of z = t̄h−1/∆. The line shows

our parametrization, the data have been calculated using Eqs. (89) and (90).

Figure 9: The scaling function f ′′
f (z) as a function of z = t̄h−1/∆. The line shows

our parametrization, the data have been calculated using Eqs. (89) and (90), the
star at z = 0 is the result from Eq. (86).
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Baryon-number susceptibilities (µq = 0)

χB
2n ∼ −h(2−α−n)/βδ f (n)

f (z)
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Figure 1: Scaling of the non-analytic contributions to χB
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0 /t0 are non-universal scale pa-
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Baseline: HRG (no critical fluctuations)

The Hadron Resonance Gas yields good description of Lattice results below Tc.
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Figure 1: The left–hand figure shows the energy density ǫ in units of T 4

calculated on the lattice with (2+1) quark flavors as a function of the T/Tc

ratio. The vertical lines indicate the position of the critical temperature.
The right–hand figure represents the corresponding results for the interaction
measure (ǫ− 3P )/T 4. The full–lines are the results of the hadron resonance
gas model that accounts for all mesonic and baryonic resonances.

1 GeV/fm3 already at T ≃ 180 MeV. This is in good agreement with lattice
calculations, which find a critical energy density of about 0.7 GeV/fm3 at
Tc ≃ 170 MeV [17]. For comparison we note that a simple pion gas would
only lead to an energy density of about 0.1 GeV/fm3 at this temperature.
This suggests that a more quantitative comparison between numerical results
obtained from lattice calculations and the resonance gas model might indeed
be meaningful.

3 Hadron spectrum in heavy quark–mass limit

In order to use the resonance gas model for further comparison with lattice
results we should take into account that lattice calculations are generally
performed with quark masses heavier than those realized in nature. In fact,
we should take advantage of this by comparing lattice results obtained for
different quark masses with resonance gas model calculations based on a
modified, quark mass dependent, resonance spectrum.

Rather than converting the bare quark masses used in lattice calculation
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The right–hand figure represents the corresponding results for the interaction
measure (ǫ− 3P )/T 4. The full–lines are the results of the hadron resonance
gas model that accounts for all mesonic and baryonic resonances.

1 GeV/fm3 already at T ≃ 180 MeV. This is in good agreement with lattice
calculations, which find a critical energy density of about 0.7 GeV/fm3 at
Tc ≃ 170 MeV [17]. For comparison we note that a simple pion gas would
only lead to an energy density of about 0.1 GeV/fm3 at this temperature.
This suggests that a more quantitative comparison between numerical results
obtained from lattice calculations and the resonance gas model might indeed
be meaningful.

3 Hadron spectrum in heavy quark–mass limit

In order to use the resonance gas model for further comparison with lattice
results we should take into account that lattice calculations are generally
performed with quark masses heavier than those realized in nature. In fact,
we should take advantage of this by comparing lattice results obtained for
different quark masses with resonance gas model calculations based on a
modified, quark mass dependent, resonance spectrum.

Rather than converting the bare quark masses used in lattice calculation

6
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Baryon Number Susceptibility

● Signal dominated by protons in the low-T phase.

● SB limit equal to 1/3: Ideal gas of u,d and s quarks.

Bielefeld-Brookhaven

dq
4 =

∂4(P/T4)
∂(µ/T)4
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HRG vs. experiment

HRG: good description of
multiplicities. . .

Andronic et al.
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Figure 2. Experimental hadron yields and model calculations for the parameters of the best fit
at the energies of 7.6 (left panel) and 200 GeV (right panel; the Ω yield includes both Ω− and
Ω̄+).

several independent measurements are available, we have employed a weighted mean of
the data following the recipe given in the introduction of [29]. A special case is that of
the top SPS energy (

√
sNN=17.3 GeV), where the disagreement between the NA49 and

the NA57 data persists. As in the case of our earlier analysis [12], we have moved the
difference in the fit results into the respective systematic error. A disagreement between
the experiments is seen at the top RHIC energy for pions and protons, see Fig. 2, which
is the reason of the large reduced χ2. A fit of ratios is in this case more suited, but we
note that a fit of the STAR yields alone gives T=162 MeV, µb=32 MeV, V=2400 fm3,
with a very good χ2/Ndf=9.0/11. The resonances were not included in the fits, but are
quite well reproduced by the model.

An important result of our analysis is that the resulting thermal parameters are close to
those obtained earlier [12] and are in agreement with other recent studies [13,28]. This
indeed confirms that the common practice of including in the thermal codes hadrons up
to masses of 2 GeV (for instance in the publicly-available code THERMUS [33]) does
not lead to significantly biased fit parameters. Nevertheless, there are small variations. In
Fig. 3 we present the energy dependence of T and µb in comparison to our earlier results
[12]. We have parametrized T as a function of

√
sNN with the following expression 2 :

T = Tlim
1

1 + exp(2.60− ln(
√
sNN (GeV))/0.45)

, (1)

with the ”limiting” temperature Tlim=164 MeV. This value is slightly higher compared
to our earlier value of 161±4 MeV [12] due to the higher temperatures presently derived
for the RHIC energies. The approach to Tlim is presently more gradual compared to our
earlier parametrization.

The values of µb extracted for the two lowest SPS energies deviate somewhat from the
continuous trend suggested by all the other points. At these energies the fit to data in full

2 For µb, there is no need to change our earlier[12] parametrization: µb[MeV] = 1303

1+0.286
√

sNN (GeV)

. . . and of fluctuations (event-by-event p − p̄, STAR) Karsch & Redlich

pHRG = f (T) cosh(µB/T) + . . .

χ(n)
B = ∂n(p/T4)/∂(µB/T)n

χ(4)
B /χ(2)

B ' 1

χ(3)
B /χ(2)

B ' tanh(µB/T)

χ(2)
B /χ(1)

B ' coth(µB/T)

Critical fluctuations expected
in higher susceptibilites!
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Figure 2: The ratio of quadratic fluctuations and mean net baryon num-
ber (σ2

B/MB), cubic to quadratic (SBσB) and quartic to quadratic (κBσ
2
B)

baryon number fluctuations calculated in the HRG model on the freeze-out
curve and compared to results obtained by the STAR collaboration [19]. The
dashed curves show the approximate tanh(µB/T ) result for κBσ

2
B and SBσ,

respectively.

This simple result arises from the fact that in the HRG model only baryons with
baryon number B = 1 contribute to the various moments.

In heavy ion collisions the strangeness and electric charge chemical potentials
are much smaller than µB (see Fig. 1). The above relation thus can be considered
to be a good estimate of skewness at chemical decoupling. We will show in the
following that corrections due to non-vanishing electric charge and strangeness
chemical potentials are indeed small for baryon number fluctuations.

4.1 Comparison of the HRG model results on baryon
number fluctuations with RHIC data

The relations for skewness and kurtosis summarized in Eqs. (17), (19) and (20)
are generic results, expected to hold if thermodynamics is governed by the HRG
model. Knowing the energy dependence of thermal parameters along the freeze-
out curve (Eqs. 1 and 2) we can directly verify if these particular relations, deduced
within the HRG model, are consistent with recent findings of the STAR collabora-
tion, which measured moments of baryon number fluctuations through net-proton
number fluctuations [19].

9
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Effective models, FRG

Effective models

Models respect the (global) symmetries of QCD
chiral symmetry SU(2)L ⊗ SU(2)R (∼ O(4)), order parameter 〈q̄q〉 (NJL, QM)
+ center symmetry Z(3), order parameter Polyakov Loop 〈L〉 (PNJL, PQM)

Tune effective model to Lattice results,
explore higher cumulants and µq , 0.

Functional Renormalization Group (FRG)

Include critical fluctuations:
need non-perturbative approach, which respects symmetries→ FRG
FRG yields scaling properties and proper critical exponents
(universal quantities)

3 Renormalization group method

∂kΓk[φ] =
1
2

Figure 3.3: Graphical representation of the flow equation for the effective average
action Γk[φ]. The complete field dependent propagator is represented by
the double line and the solid dot denotes the insertion of ∂kRk.

By taking a variation on Eq. (3.19) with respect to φ(y) we have

δ

δφ(y)

(
δW [J ]

δJ(x)

)
= δ(x− y). (3.41)

Thus, we can write the following set of identities

δ(x− y) =
δ2W

δJ(x)δφ(y)
=

∫

z

(
δ2W

δJ(x)δJ(z)

δJ(z)

δφ(y)

)
(z, y)

=

∫

z

δ2W

δJ(x)δJ(z)

(
δ2Γk[φ]

δφ(z)δφ(y)
+Rk

)
(z, y)

=

∫

z

δ2W

δJ(x)δJ(z)

(
Γ
(2)
k [φ] +Rk

)
(z, y). (3.42)

From the last step follows Eq. (3.40). Finally, we can write the flow equation for
the effective average action Γk[φ] as

∂kΓk[φ] =
1

2

∫

x,y

G(x, y)∂kRk =
1

2

∫

x

[(
Γ
(2)
k [φ] +Rk

)−1

∂kRk

]
. (3.43)

Since no approximations have been introduced during the derivation of flow equation
for the effective average action Γk[φ], this flow is in the literature also referred to
as the exact RG flow equation. However, as one starts with the tedious procedure
of solving the exact flow equation, various approximation schemes and truncations
have to be used and the exactness is lost.
The flow equation can be written in momentum space and extended to include

fermions as well. The full form of the flow equation is usually written in the following

34

Introduction to the Functional RG and Applications to Gauge Theories 7

p
2k

2

k
2

R
k

(d/dt) R
k

Fig. 1. Sketch of a regulator function Rk(p
2) (lower curve) and its derivative

∂tRk(p
2) (upper curve). Whereas the regulator provides for an IR regularization

for all modes with p2 . k2, its derivative implements the Wilsonian idea of integrat-
ing out fluctuations within a momentum shell near p2 ≃ k2.

(Note that we frequently change from coordinate to momentum space or vice
versa by Fourier transformation for reasons of convenience.) Now, we are in a
position to define the interpolating effective action Γk by a slightly modified
Legendre transform,3

Γk[φ] = sup
J

(∫
Jφ−Wk[J ]

)
−∆Sk[φ]. (20)

Since we later want to study Γk as a functional of a k-independent field φ, it is
clear from Eq. (20) that the source J ≡ Jsup = J [φ] for which the supremum
is approached is necessarily k dependent. As before, we get at J = Jsup:

φ(x) = 〈ϕ(x)〉J =
δWk[J ]

δJ(x)
. (21)

The quantum equation of motion receives a regulator modification,

J(x) =
δΓk[φ]

δφ(x)
+
(
Rkφ

)
(x). (22)

From this, we deduce4:

δJ(x)

δφ(y)
=

δ2Γk[φ]

δφ(x)δφ(y)
+Rk(x, y). (23)

3 Now, only the “sup” part of Γk is convex. For finite k, any non-convexity of Γk

must be of the form of the last regulator term of Eq. (20).
4 In case of fermionic Grassmann-valued fields, the following φ derivative should
act on Eq. (22) from the right.

Use local potential approximation.
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Net quark number density fluctuations δNq = Nq − 〈Nq〉

χ
q
6 = 1

vT3

(
〈(δNq)6〉 · · ·
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Figure 4: The sixth and eighth order moments of the net baryon number
fluctuations at µq/T = 0 in the PQM model. The temperature is given in
units of the pseudo-critical temperature Tpc(mπ) corresponding to a maxi-
mum of the the chiral susceptibility. The shaded area indicates the chiral
crossover region.

these derivatives have been implemented directly into the analysis of the
flow equations (see Appendix).

In Fig. 4 we show the sixth and eighth order moments of the net baryon
number fluctuations computed at µq/T = 0 within the PQM model for phys-
ical values of the pion mass. The basic features dictated by O(4) symmetry
restoration, as discussed in the previous sections, are readily identified in the
figure. Moreover, the positions of the two extrema of χB

6 correspond approx-
imately to the zeros of χB

8 . This confirms that in the transition region, two
derivatives with respect to µq/T are indeed equivalent to one derivative with
respect to T .

From these calculations, as well as from calculations of the lower order
moments χB

2 and χB
4 , we obtain the ratios RB

n,m of the n-th and m-th mo-
ments. Results obtained for µq/T = 0 and µq/T > 0 are shown in Figs. 5
and 6, respectively. We note that these ratios approach unity at low tem-
peratures, as it is the case also in the hadron resonance gas model. In the
transition region, they reflect the expected O(4) scaling properties; they have
a shallow maximum close to the transition region before they drop sharply.
In particular, they show pronounced minima with RB

n,2 < 0 in the vicinity
of the chiral crossover temperature. The exact location of these minima and
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Figure 1: Scaling of the non-analytic contributions to χB
4 (left) and χB
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(right) arising from second and third derivatives of the singular part of the
free energy. Shown are results for different values of the symmetry breaking
parameter h0h = mq/Tc; h0 and z0 = h

1/βδ
0 /t0 are non-universal scale pa-

rameters. Note that for h0h = 1 the abscissa is the scaling variable z. The
corresponding curve thus directly shows the O(4) scaling function.
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Figure 4: The sixth and eighth order moments of the net baryon number
fluctuations at µq/T = 0 in the PQM model. The temperature is given in
units of the pseudo-critical temperature Tpc(mπ) corresponding to a maxi-
mum of the the chiral susceptibility. The shaded area indicates the chiral
crossover region.

these derivatives have been implemented directly into the analysis of the
flow equations (see Appendix).

In Fig. 4 we show the sixth and eighth order moments of the net baryon
number fluctuations computed at µq/T = 0 within the PQM model for phys-
ical values of the pion mass. The basic features dictated by O(4) symmetry
restoration, as discussed in the previous sections, are readily identified in the
figure. Moreover, the positions of the two extrema of χB

6 correspond approx-
imately to the zeros of χB

8 . This confirms that in the transition region, two
derivatives with respect to µq/T are indeed equivalent to one derivative with
respect to T .

From these calculations, as well as from calculations of the lower order
moments χB

2 and χB
4 , we obtain the ratios RB

n,m of the n-th and m-th mo-
ments. Results obtained for µq/T = 0 and µq/T > 0 are shown in Figs. 5
and 6, respectively. We note that these ratios approach unity at low tem-
peratures, as it is the case also in the hadron resonance gas model. In the
transition region, they reflect the expected O(4) scaling properties; they have
a shallow maximum close to the transition region before they drop sharply.
In particular, they show pronounced minima with RB

n,2 < 0 in the vicinity
of the chiral crossover temperature. The exact location of these minima and
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parameter h0h = mq/Tc; h0 and z0 = h
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0 /t0 are non-universal scale pa-

rameters. Note that for h0h = 1 the abscissa is the scaling variable z. The
corresponding curve thus directly shows the O(4) scaling function.
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Zeroes of χn not universal, but shape ∼ O(4) scaling functions.
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Net quark number density fluctuations µq , 0
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Figure 7: The chiral crossover line [dashed line] and the first minima in χB
6

(left) and χB
8 (right) [solid line]. The bands show the parameter range for

which χB
6 and χB

8 , respectively, are negative in the neighborhood of these
minima.

tion line. This is illustrated in Fig. 7, which shows the temperature interval,
closest to the hadronic phase, where the sixth and eighth order moments of
the net baryon number fluctuations are negative, as obtained in the FRG
approach to the PQM model. It is evident that the sixth order moment χB

6

is negative in a wide range of temperatures which extends into the symme-
try broken phase. This is even more the case for the eighth order moment
as expected from the structure of the corresponding O(4) scaling function.
Except for a small range of chemical potential values close to µq/T = 0, the
eighth order moment is, however, positive again on the crossover line.

5 Discussion and Conclusions

We have shown that higher order moments of the net baryon number fluctu-
ations are sensitive probes for the analysis of freeze-out conditions in heavy
ion collisions and may allow to clarify their relation to the QCD phase transi-
tion. This is the case at LHC energies as well as at the entire regime of beam
energies covered by the low energy run at RHIC. If in heavy ion collisions,
particles are produced from a thermalized system, the analysis of higher mo-
ments of the net baryon number fluctuations does provide constraints on
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tion line. This is illustrated in Fig. 7, which shows the temperature interval,
closest to the hadronic phase, where the sixth and eighth order moments of
the net baryon number fluctuations are negative, as obtained in the FRG
approach to the PQM model. It is evident that the sixth order moment χB

6

is negative in a wide range of temperatures which extends into the symme-
try broken phase. This is even more the case for the eighth order moment
as expected from the structure of the corresponding O(4) scaling function.
Except for a small range of chemical potential values close to µq/T = 0, the
eighth order moment is, however, positive again on the crossover line.

5 Discussion and Conclusions

We have shown that higher order moments of the net baryon number fluctu-
ations are sensitive probes for the analysis of freeze-out conditions in heavy
ion collisions and may allow to clarify their relation to the QCD phase transi-
tion. This is the case at LHC energies as well as at the entire regime of beam
energies covered by the low energy run at RHIC. If in heavy ion collisions,
particles are produced from a thermalized system, the analysis of higher mo-
ments of the net baryon number fluctuations does provide constraints on
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Negative regions of χ6 and χ8 follow phase boundary.
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Electric charge fluctuations

V.Skokov, B.F., K. Redlich
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Figure 3: (Color online) The kurtosis (χQ
4 /χQ

2 ) and the (χQ
4 /χQ

2 ) ratio calculated in the
Polyakov loop extended quark-meson model. The arrow shows the corresponding Stefan-
Boltzmann limits. The hadron resonance gas model results are indicated as dotted-lines.

The fourth- and sixth-order cumulants exhibit a peak, which increases in
strength with the order of the cumulant. This can be understood in terms
of the critical dynamics of the chiral transition; with increasing order of the
cumulant, the contribution of the singular part of the pressure (13) becomes

more and more dominant. The negative structure of the χQ
6 near Tpc is similar

to that observed for the sixth order cumulant of net baryon number fluctuations
and is due to the particular form of the O(4) scaling function [14]. The peak

in χQ
4 appears as a sum of quark and pion contributions, while the peak in χQ

6

is dominantly due to pions. The negative region of χQ
6 near Tpc is due to the

quark contribution.
In Fig. 2 we also compare the PQM results with that of the hadron resonance

gas (HRG) model, which includes the contributions of all charged hadrons and
resonances. The HRG model reproduces the thermodynamics of LQCD in the
hadronic phase up to T ≃ 0.9Tpc.

There is good agreement between the PQM and HRG model results at low
temperatures, where in both cases pions are the dominant degrees of freedom.
For higher temperatures the HRG overshoots the PQM model results. Thus,
the PQM model does not yield a quantitative description of the LQCD results
on thermodynamics. Nevertheless, this model can provide useful insights into
the critical dynamics of universal quantities near the chiral phase transition.

In order to reduce the contribution of the non-singular part to the fluctu-
ations and to focus on the critical behavior, ratios of χQ

n to the second-order

cumulant χQ
2 , which is not influenced by the critical chiral dynamics at µ = 0

[6], have been studied. In Fig. 3 we show the temperature dependence of the

kurtosis κ = χQ
4 /χ

Q
2 and of the ratio χQ

6 /χ
Q
2 near the chiral crossover transi-

tion. At low temperatures, κ → 1, as expected for a non-interacting Boltzmann
gas. For higher temperatures, the kurtosis increases owing to the contribution

9
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Electric charge fluctuations follow similar
pattern as baryon fluctuations.
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Freeze-out and the QCD transition

If Tfo ' Tpc, expect measured χ6/χ2 and χ8/χ2 to deviate from HRG expectation, (< 0)

Signature of cross-over transition (STAR@RHIC)?

 !"#$%&'()*"+#(,#-

./01#-!"'(2(, !3

4 56  
Periferal Central

 at √s = 200 GeV: 
C6/C2 is below HRG prediction

 consistent with freeze-out
close to transition

𝜒6/𝜒2

𝜒4/𝜒2

talk by L. Chen

Beam Energy Scan RHIC

𝜒 6
/𝜒

2

STAR preliminary

Clear deviation from HRG expectation.

Need to understand dependence on centrality and on energy!
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Cumulants and net-baryon probability distribution

Canonical partition function

Z(N,T , v) = TrN e−βH

Grand-canonical partition function

Z(µq,T , v) = Tr e−β(H−µqN)

=
∑

N

Z(N,T , v)eβµN

Probability distribution for finding
net charge N in sub-volume

P(N) =
1

Z(µq,T , v)
Z(N,T , v) eβµN

Moments

〈Nn〉 =
∑

N

NnP(N) ∼ vn

Cumulants

χ2 =
1

vT3

(
〈N2〉 − 〈N〉2

)
χ4 =

1
vT3 〈(δN)4〉 − 3〈(δN)2〉2

χn ∼ (v)0 (cancellations!)

Critical behavior in tail of
distributions
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Skellam distribution

Boltzmann distribution for baryons
and antibaryons (Poisson)

P(Ni) =
1

Ni!
N̄ Ni

i

e N̄i

N̄i = 〈Ni〉 (i = b, b̄)

Distribution of net baryon number
(N = Nb − Nb̄)

P(N) =

(
N̄b

N̄b̄

)N/2

IN(2
√

N̄bN̄b̄) e−(N̄b+N̄b̄)

Skellam distribution describes
fluctuations of net baryon number in
HRG (no criticality)

Central collisions,
√

s = 7.7 A GeV
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Skellam distribution

Boltzmann distribution for baryons
and antibaryons (Poisson)

P(Ni) =
1

Ni!
N̄ Ni

i

e N̄i

N̄i = 〈Ni〉 (i = b, b̄)

Distribution of net baryon number
(N = Nb − Nb̄)

P(N) =

(
N̄b

N̄b̄

)N/2

IN(2
√

N̄bN̄b̄) e−(N̄b+N̄b̄)

Skellam distribution describes
fluctuations of net baryon number in
HRG (no criticality)

Semi-central collisions,
√

s = 200 A GeV
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Sufficient reach in N?

In experiment: 〈Nn〉 =
∑Nmax

N=−Nmax
NnP(N)

Nmax large enough to reproduce
cumulants?

Skellam: convergence for Nmax & an

√
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Nmax large enough to see criticality?

c6 in PQM model (FRG)
Nmax ∼ NSkellam

max
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Can be checked by varying Nmax in data
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Other things to worry about

Conservation of total charge (V < ∞, R↘) (Bzdak, Koch, Skokov)
Acceptance corrections (dilutes signal, p not B measured) (Bzdak & Koch)

Net electric charge easier!
Non-critical fluctuations, e.g. of volume (R↗)

R6,2 =
χ6

χ2
+ 15χ4 · T3v2

v2 = (〈v2〉 − 〈v〉2)/〈v〉

χ4/χ2 
R4,2

χ6/χ2
R6,2

FRG PQM
v2 T3

pc =1

−0.5

0

0.5

1.0

1.5

T/Tpc

0.6 0.8 1.0 1.2

Glauber: fix Nch
〈v〉 ∼ 〈Npart〉, 〈v2〉 ∼ 〈N2

part〉

R4,2
R6,2

100 200 300
〈Npart〉
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Nch
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Tuning the models: gluon dynamics

Fluctuations associated with deconfinement transition?

Order parameter of deconfinement
(Mquark → ∞)

Polyakov loop
L = 1

3 tr ei
∫

A4 dτ = e−Fquark/T

In color SU(3): L = LR + iLI
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FIG. 2: The temperature dependence of the renormalized Polyakov loop susceptibilities from Eqs. (5), (6) and (7), calculated
on various lattice sizes, in the SU(3) pure gauge theory. The temperature is normalized to its critical value.
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critical value for respective lattice. The line is the model
result explained in the text.

from 16 to 64. The temperatures for the three tempo-
ral lattice extents are set by varying the bare coupling
and use the temperature scale determined by the zero
temperature string tension, as well as the critical cou-
plings of the deconfinement transition [9, 10]. The gauge
field configurations were generated using one heatbath
and four overrelaxation updates per sweep with 15 000
sweeps in general and up to 100 000 sweeps close to the
critical temperature, Tc.

The renormalization constants, Z(g2), were taken from
[11]. The statistical errors were obtained from a Jack-
knife analysis and do not include any systematic error
resulting from the renormalization procedure. In Fig. 1,
we show the lattice gauge theory result for 〈|Lren|〉 as a
function of temperature.

While no volume effects are visible in the deconfined
phase, data at fixed Nτ in the confined phase, show the
expected 1/

√
V volume-dependence. Considering results

at fixed ratio Nσ/Nτ , only small cut-off effects can be
observed at high as well as at low temperatures. The
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FIG. 4: Lattice results on the ratio of the transverse (7) to
longitudinal (6) susceptibility of the Polyakov loop for pure
gauge system and (2+1)-flavor QCD. The line is the Polyakov
loop model result discussed in Section III.

deviation of the Nτ = 4 and 8 data between (1−2)Tc may
be attributed to the uncertainty in the determination of
the renormalization constants, rather than to the cut-off
effects.
The results for the renormalized Polyakov loop sus-

ceptibilities obtained on different lattice sizes are shown
in Fig. 2. In the close vicinity of the phase transition,
0.95 < T/Tc < 1.05, all three susceptibilities show rather
strong cut-off and volume effects. Such behavior is ex-
pected due to the first order nature of the phase transi-
tion in pure gauge theory. Outside this region, the fluc-
tuations of longitudinal and the modulus of the Polyakov
loop, show only minimal dependence on Nτ and Nσ in
both phases. The transverse susceptibility χT in Fig. 2,
however, is seen to exhibit stronger Nτ dependence in
the deconfined phase.

A. The ratios of susceptibilities

The ambiguities from the renormalization scheme can
be avoided by considering the ratios of the susceptibilities

→ improve description of gluon dynamics in effective models
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Signatures of deconfinement

Ratios of susceptibilities less dependent on lattice artefacts

RA = χA/χR
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FIG. 2: The temperature dependence of the renormalized Polyakov loop susceptibilities from Eqs. (5), (6) and (7), calculated
on various lattice sizes, in the SU(3) pure gauge theory. The temperature is normalized to its critical value.
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from 16 to 64. The temperatures for the three tempo-
ral lattice extents are set by varying the bare coupling
and use the temperature scale determined by the zero
temperature string tension, as well as the critical cou-
plings of the deconfinement transition [9, 10]. The gauge
field configurations were generated using one heatbath
and four overrelaxation updates per sweep with 15 000
sweeps in general and up to 100 000 sweeps close to the
critical temperature, Tc.

The renormalization constants, Z(g2), were taken from
[11]. The statistical errors were obtained from a Jack-
knife analysis and do not include any systematic error
resulting from the renormalization procedure. In Fig. 1,
we show the lattice gauge theory result for 〈|Lren|〉 as a
function of temperature.

While no volume effects are visible in the deconfined
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deviation of the Nτ = 4 and 8 data between (1−2)Tc may
be attributed to the uncertainty in the determination of
the renormalization constants, rather than to the cut-off
effects.
The results for the renormalized Polyakov loop sus-

ceptibilities obtained on different lattice sizes are shown
in Fig. 2. In the close vicinity of the phase transition,
0.95 < T/Tc < 1.05, all three susceptibilities show rather
strong cut-off and volume effects. Such behavior is ex-
pected due to the first order nature of the phase transi-
tion in pure gauge theory. Outside this region, the fluc-
tuations of longitudinal and the modulus of the Polyakov
loop, show only minimal dependence on Nτ and Nσ in
both phases. The transverse susceptibility χT in Fig. 2,
however, is seen to exhibit stronger Nτ dependence in
the deconfined phase.

A. The ratios of susceptibilities

The ambiguities from the renormalization scheme can
be avoided by considering the ratios of the susceptibilities

χB
4/χ

B
2 = (B)2

χB
4/χ

B
2 : deconf. of quarks, RA: deconf. of gluons
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Conclusions and outlook

QCD in scaling regime→ critical fluctuations potentially detectable
(finite size and finite time effects!)

The 6th- and 8th-order cumulants potential probes of chiral transition.
Basically robust effect, but many issues still unclear
Large cancellations in high cumulants, depend on the tails of the distribution

Additional constraints from electric charge P(Q) and strangeness P(S)
distributions.

Experimental ratios show interesting qualitative effect,
but dependence on Npart and

√
s not understood

worry about removing idealizations
tune effective models to reproduce also non-universal properties of QCD
(gluon dynamics)

Looking for CEP at finite µ:
Different universality class (Z(2)):
→ χ2 → ∞

→ characteristic difference in χ4

→ χ6 similar to O(4)
Lower beam energy: corrections due to V < ∞ more important!
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