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Transverse Momentum Distribution

STAR, ALICE, CMS, ATLAS use:

2 _ _ _ —-n
d°N zprxﬁ (n—1)(n—-2) 1+mT Mo
dprdy dy nT(nT + mg(n — 2)) nT

What is the connection with the Tsallis distribution?
Also, the physical significance of the parameters nand T has
never been discussed by STAR, ALICE, ATLAS, CMS.
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Tsallis Distribution

Possible generalization of Boltzmann-Gibbs statistics

Constantino Tsallis
Rio de Janeiro, TBPF
J. Stat. Phys. 52 (1988) 479-487

Citations: 1 389
Citations in HEP: 513
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History Comparisc

Multifractal concepts and structures are guickly acquiring
importance in many active areas (e.g., non-linear dynamical sys
tems, growth models, commensurate/incommensurate structures) .
This is due to their utility as well as to their elegance.
Within this framework, the quantity which is normally scaled
is p., where p is the probability assac15ted to an event and
q any real number 1J. We shall use this quantity to generalize
the standard expresslon of the entropy S in information ‘theory,
namely S = - k Z p;4n p;. where W € I8 is the total number of
possible (microscoplc) configurations and Epi} the associated

probabilities. We postulfate for the entropy

W
1-] pf

g €m [¢9)

where k is a conventional positive constant and Z p; = 1. We
immediately verify that
1= Z B, ela=1)tnp;
=1

= 24 =kfim 25—y Anp, (1
IR I = S L patme a0

where we have used the replica-trick type of expansion. We

illustrate definition (1) in Fig. 1. sq may be rewritten as

follows: G

2)







Comparison Boltzmann vs. Tsallis

In the grand canonical ensemble the particle number, energy
density and pressure are given by

_ p E—yp
N = gV/ )3exp< T ),

dS

(2m
N d®p E—pu

<= g/(zw)3EeXp <_T>’

d*p p? E—pu
P = — -
g/ (2w)SsEeXp< T )
where T and y are the temperature and the chemical potential,
V is the volume and g is the degeneracy factor.




Comparison Boltzmann vs. Tsallis

In particular, the particle number is:

3
g BN QVE e
d®p (2m)3
a’N _ gVmrcoshy o ey
mrdmrdy (2m)? ’

at mid-rapidity, y = 0 and zero chemical potential this becomes

d*N ~ gVmr

_mr
dedey y=0 (27?)2 e’

my scaling! Hopeless!



Comparison Boltzmann vs. Tsallis

For high energy physics a consistent form of Tsallis statistics
for the particle number, energy density and pressure is given by

N — gv/(g;’)’s{w( —1)ET”] qz’

_q_

a® E—p| a1
e = g/ p3E[1+(q—1)T“] :

d® E—p] ar
SR ¥ A =

where T and p are the temperature and the chemical potential,
V is the volume and g is the degeneracy factor. The Tsallis
distribution introduces a new parameter g which for transverse
momentum spectra is always close to 1.
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Thermodynamic consistency

dE = —pdV + TdS + pdN
Inserting E = eV, S=sV and N = nV leads to

de = Tds + pdn
dP = ndu + sdT
In particular
p PG 0P| Lo o
T ouly ST ot|, T oasl, M anl,

must be satisfied.



Comparison Boltzmann vs. Tsallis

As an example look at the number of particles:

_ dp p*
-9 / (@n)3

9
3Edu
B d®p p? q E—pu
- o Gpser|tta 05

q

q—1

opP

[1+(Q—1)E;}

2g—1
q—1

To continue, use



Thermodynamic Consistency

The expressions for the energy density and the pressure are
indeed thermodynamically consistent:

oP| d*p p? d E—pl
ol = ‘9/(2@33&/ {H(q”)r]
a®p p? d E_pul o
- 9/ s pa [”(q‘”r]
B dCOSqubdp u ~ae dap
N dp 3

= n

after an integration by parts and using p dp = E dE.



Thermodynamic Consistency

Hence the expressions for the particle number, the energy
density and the pressure are thermodynamically consistent,

relations of the type

N:V%
o |7

are indeed satisfied.



Transverse Momentum Distributions

In the Tsallis distribution the total number of particles is given
by:

dS,D E—pu _731
= — —1)—— .
Voo [t [ n=H
The corresponding momentum distribution is given by

q

dN 1 E—pl] a7
— = — 1 —1)—
o~ Ve |1+ @07t T
which, in terms of the rapidity and transverse mass variables,
E = mycosh y, becomes (at mid-rapidity for . = 0)

a2N
dpr dy

_ yPTmMT _ ﬁ—rﬂ
Ve RCERIE I

y=0

J.C. and D. Worku, J. Phys. G39 (2012) 025006;
arXiv:1203.4343[hep-ph].



Transverse Momentum Distributions

For the connection with the Boltzmann distribution: rewrite the
Tsallis distribution using

1+ (g9- 1)X]1/(1fq) = exp (1 1q|n [1+(g-— 1)x]) 7
and consider the limit g — 1

im  [1+(qg—1)x"0-9
g—1

~ expuiq)(q 1)x

=exp(—x),
The Tsallis distribution reduces to the Boltzmann distribution in
the limit where g — 1

lim &N =
g1 dprdy
prmycoshy mrcoshy — u
ve——— =~ 7 7.
(mE P ( T )

In all cases g is close to one, typically between 1:05 and 1-.2.



Transverse Momentum Distributions

Comparison of the Tsallis form with the STAR, ALICE, ATLAS,
CMS distributions

d2N . prmr mr —q/(g-1)
apy 9V (2 RECRREY ’
d®N dN  (n—1)(n-2)

—-n
— o mT_mO:|

dprdy dy nT(nT + mg(n — 2)) {1 taT

For the comparison use the following substitution:

no -9

qg-—1

T+my(g—1)
1

nT — o



Transverse Momentum Distributions

After this substitution one obtains

d®N AN (n—1)(n-2)
dordy ~ PTdy nT(nT + mo(n - 2))
T —q/(g-1)
[T +mo(q — 1)]
my1—9/(a-1)
[1 +(q— 1)T} :

To be compared with

&N prmr
dprdy 7 (27)2

Apart from several constant factors, which can be absorbed in

the volume V, only a factor of my differs! However, my

shouldn’t appear as it destroys my scaling. The inclusion of the
factor mr leads to a more consistent interpretation of the 6
variables g and T.

[1 (g 1)2} —q/(g-1)
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Interpretation of Tsallis Parameter g

G. Wilk and Z. Wlodarczyk, Phys. Rev. Lett. 84 (2000) 2770

o] o) ) 52




History Comparison Boltzmann vs. Tsallis Thermodynamic Consistency Transverse Momentum Distributions Tsallis works well i

Interpretation of Tsallis Parameter g

G. Wilk and Z. Wlodarczyk, Phys. Rev. Lett. 84 (2000) 2770

and also
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Tsallis Distribution p-p

Transverse momentum spectra of Kg in pp collisions at Vs = 900 GeV
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M.D. Azmi



History Comparison Boltzmann vs. Tsallis Thermodynamic Consistency Transverse Momentum Distributions  Tsallis works well i

Tsallis Distribution p-p

Transverse momentum spectra of A in pp collisions at {s = 900 GeV
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Tsallis Distribution p-p

Transverse momentum spectra of @in pp collisions at Vs = 900 GeV
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Tsallis Distribution p-p

Transverse momentum spectra of = + =in pp collisions at Vs = 900 GeV
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Tsallis Distribution p-p

Transverse momentum spectra of 1t in pp collisions at Vs = 7 TeV
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Tsallis Distribution p-p

Transverse momentum spectra of proton from pp collisions at Vs = 7 TeV
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Tsallis Distribution p-p

Transverse momentum spectra of 1t in pp collisions at Vs = 7 TeV
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Tsallis Distribution p-p

Transverse momentum spectra of K™ in pp collisions at Vs = 7 TeV
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Tsallis Distribution does not describe Pb-Pb

ALICE, Pb.-Pb. @ \s.52.76.T€V......ccoiibor.

5
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M. Danish Azmi
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... but works for p-Pb

Transverse momentum distribution of charged particles in NSD p-Pb collisions

ALICE, p-Pb
s =5.02 TeV

s + Incmsl <03
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q=1.140 M. Danish Azmi
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... but works for p-Pb at all rapidities

Transverse momentum distribution of charged particles in NSD p-Pb collisions

ALICE, p-Pb
s =5.02 TeV

P, (GeVlic)

q=1.139 M. Danish Azmi M. Danish Azmi
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... but works for p-Pb at all rapidities.

Transverse momentum distribution of charged particles in NSD p-Pb collisions
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Open symbols effective temperature T obtained using ALICE
distribution. Closed symbols use Tsallis distribution.

L. Marques, E. Andrade-Il and A. Deppman arXiv:1210.1725 E
[hep-ph
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Open symbols: parameter q obtained from the ALIICE
distribution. Closed symbols use Tsallis distribution.
L. Marques, E. Andrade-Il and A. Deppman arXiv:1210.1725 E
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Charged Hadrons
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Fit to Particle Yields

using the Tsallis Distribution

J. C., G. Hamar, P. Levai, S. Wheato

n

Journal of Physics G 36 (2009) 064018.



Conclusion:
Use 2N
_ prmr B

instead of

d®N dN  (n—1)(n-2) mr —mg]| "
dordy ~ P77 dy nT(nT + mo(n— 2)) [1 T ] @
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The partition function for Boltzmann statistics is given by:

o e
Z_exp{V/(zﬁ)se }

replace this with the Tsallis distribution

Z:exp{v/(gjf;s [1 +(g-1) (57—})]“/@—1)}

from

Toz _o
_ L% _ 1927
Zon lon"

one obtains

N = Tai{v/(d‘)’ {1+(q )(E;“ﬂqu}

TSR (B 0] ®
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