Plan of lectures

1 15.04.2015 Preliminary Discussion / Introduction

22.04.2015 Experiments (discovery of the positron, formation of antihydrogen, ...)
29.04.2015 Experiments (Lamb shift, hyperfine structure, quasimolecules and MO spectra)
06.05.2015 Theory (from Schrodinger to Dirac equation, solutions with negative energy)
13.05.2015 Theory (bound-state solutions of Dirac equation, quantum numbers)
20.05.2015 Theory (bound-state Dirac wavefunctions, QED corrections)
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27.05.2015 Experiment (photoionization, radiative recombination, ATI, HHG...)
8 03.06.2015 Theory (description of the light-matter interaction)
9 10.06.2015 Experiment (Kamiokande, cancer therapy, ....)

10 17.06.2015 Experiment (Auger decay, dielectronic recombination, double ionization)
11 24.06.2015 Theory (interelectronic interactions, extension of Dirac (and Schrddinger) theory for the
description of many-electron systems, approximate methods)

12 01.07.2015 Theory (atomic-physics tests of the Standard Model, search for a new physics)
13 08.07.2015 Experiment (Atomic physics PNC experiments (Cs,...), heavy ion PV research)



Interaction of ions with electromagnetic field

(One-photon absorption and emission)
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Plan of lecture

[¢ Spectral analysis: Basic ideas and a little bit history}

+ Transition rates for bound-bound transitions
+ Electromagnetic field
+ Interaction of EM field with hydrogen-like ions
+ Transition matrix elements and their evaluation

# Selection rules
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Spectral analysis in atomic physics

(brief reminder from experimental lectures)

Library of Congress

Gustav Kirchhoff

® The basic ideas of spectral analysis
iIn modern atomic physics have been
given by Kirchhoff and Bunsen in
1859 in Heidelberqg.
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Spectral analysis in atomic physics

(brief reminder from experimental lectures)

{ B 4

Library of Congress

Gustav Kirchhoff Robert Bunsen

® The basic ideas of spectral analysis
e in modern atomic physics have been
given by Kirchhoff and Bunsen in
1859 in Heidelberqg.
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Absorption spectrum

® Letus consider for the moment absorption of light by hydrogen atoms.

A(nm) 400 500 600 700
(b)

©2004 Thomson - Brooks/Cole

# Can we understand observed spectrum?
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Absorption spectrum: Theoretical explanation

® We may consider absorption of light by
hydrogen atoms.
® The spectrum (positions of absorption lines)
can be understood from our knowledge on
the energy levels of H atom.
|

A(nm) 400 500 600 . ﬁ
o 552 452 352 n—

©2004 Thomson - Brooks/Cole

® Bound-state energies (for neutral
hydrogen relativistic effects are small):

E_z_é:OZ2

nj 2
2 N n=1 (Ground State)
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Absorption spectrum: Problems

® Let us analyze absorption spectrum in more details:

" - """"""" We see dark absorption lines where
the cloud has absorbed light of specific

wavelengths (colors)

e
"""""

The graph shows a dip in intensity at
the wavelength of each absorption line.

wavelength
Absorption Line Spectrum

® The spectrum (positions of absorption lines)
can be understood from our knowledge on
the energy levels of H atom.

o Bhut whhy s'?me dlpi in intensity are deeper Dif A
than the other ones: I::> have different probabilities!
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Emission spectrum: Problems

e B Niels Bohr

" Balmer Series *,
", (Visible) kS
s 4102nm
Y violet ;

£ 4341 nm;_ violet E FE* + Similar effect can be observed in

. ) . wet : =4 n=5! .
: L \ n :__ % emission spectrum: some spectral
/ N, B%68nm T 3 lines are brighter than the others!

%, Paschan 5&ﬁa§‘~,
" {Infrared)

4861 1 + That was the main problem of
bluegreen “old” Bohr model (1913): it could
explain positions of the lines but
not their relative intensities.

d

Efforts to resolve this problem finally lead
to a creation of Quantum Mechanics!
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Emission spectrum: Problems

e B Niels Bohr

Fram EuHr model:

L, ."'rlr_y'man Saries Balmer Earias1~".
l‘w\""" /
nI
x-mw=13{ We need to understand why some transitions (either is emission or
L absorption spectrum) are more probable than the others. n
v
. 1
L
% Pasche
o (Infra
-u‘ f
0
We shall learn how to calculate probabilities for atomic transition! ¢

Efforts to resolve this problem finally lead
to a creation of Quantum Mechanics!
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+ Spectral analysis: Basic ideas and a little bit history

¢ Transition rates for bound-bound transitions

[&« Electromagnetic field ]

+ Interaction of EM field with hydrogen-like ions
4+ Transition matrix elements and their evaluation

# Selection rules
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Electromagnetic fields

(classical theory)

® The classical electromagnetic field is described
by electric and magnetic field vectors which
satisfy Maxwell’s equation (here written in Sl
units).

Gauss’ Law VD = pF
Gauss’ Law for Magnetism V- B =10

Faraday’ Law V xE=-——

JdD
Ampere-Maxwell Law V xH =Jp + — James Clerk Maxwell

>/D=g \E

electric displacement\ electric field magnetlc fi

L magnetlc field strength
permitivity
permeability
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Electromagnetic fields

(classical theory)

® The classical electromagnetic field is describe
by electric and magnetic field vectors wh’

satisfy Maxwell’s equation (here written in I::;::’;”
units). efec wric En i
perpend icular charge enclosed.

Gauss’ Law VD = pF

M= UL T

Gauss’ Law for Magnetism V- B =10

D

Faraday’ Law V xE =—— touand =

®

Ampere-Maxwell Law V xH =Jp +

D=¢ E

electric displacement | €lectric field m.

From: http://hyperphysics.phy-astr.gsu.edu/

/ magnetic field strength

permitivity permeability
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Scalar and vector potentials

(classical theory)

® The classical electromagnetic field is described
by electric and magnetic field vectors which
satisfy Maxwell’s equation (here written in Sl
units).

Gauss’ Law VD = pF
Gauss’ Law for Magnetism V- B =10

Faraday’ Law V xE=-——

JdD
Ampere-Maxwell Law V xH =Jp + — James Clerk Maxwell

® The electric field E and magnetic field B can be
generated from scalar and vector potentials by:

OA(r,t)
—Ttﬁ{r, ﬁ] n T? Potentials are not directly observable - only
the fields they describe may be measured.
V x A(r,t)

E(r,t)
B(r,t)
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Gauge Invariance

(classical theory)

® The electric field E and magnetic field B can be

generated from scalar and vector potentials by:  Sactric
A
Brt) = Vot - t)
B(r,t) = V x A(r,t)

® These potentials are not completely defined! If
we substitute:

A—>A+Vy gp—)go—%(

® We may put further
@ The electric and magnetic fields will be |:> condition on A

unaltered (gauge invariance). VA=0,¢0=0

® Coulomb gauge!

In Coulomb gauge we show that A satisfies wave equation:
1 0°A 0

c? ot?

VZA-—
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Z] Task 1

Derive the wave equation for the vector potential A:

2
VZA—i2 %tZA =0
C
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Monochromatic plane wave solutions

® Letus solve wave equation as obtained in Coulomb gauge:

1 6%A
2o

ViA-— 0

® For the monochromatic plane wave this solution reads as:

Alw;r,t)=A (o) e (ei(kl’—cot+5a,)_|_e—i(kr—a)t+§a,))

4

® |tis rather easy to find general properties of A:
> From gauge condition: VA=0 |:> k.-e=0

> From wave equation: |:> @ =Kc
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Monochromatic plane wave solutions

® Letus solve wave equation as obtained in Coulomb gauge:

1 6%A
2o

ViA-— 0

® For the monochromatic plane wave this solution reads as:

Alw;r,t)=A (o) e (ei(kr—a)t+5a,)+e—i(kr—a)t+§a,))

4

We can immediately get electric and magnetic fields: &
electric
E=-2wA(o)esinkr — ot +5,) Mﬂd
B=-—2w A/ (o) (kxé&)sin(kr —at +5,)
magnetic
The direction of electric field is along the polarization vector & field

%

~
| (w) = 25,0°CA, (@) K

¢ Finally, we may calculate the intensity of radiation:
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Monochromatic plane wave solutions

® Letus solve wave equation as obtained in Coulomb gauge:

n

ﬁ/ Small comment \

In general case, a pulse of radiation can be considered
as a superposition of monochromatic plane waves:

® For the mon

Art) = [ A(@) & @)1 ce)do

[0}

We can immed - Ao (a)) ~
E=—2o1 Pulse is nearly _ / \
B=-2wA monochromatic _

b
The direction of | \\
x e

¢ Finally, we may calcu ; \
| (w) = 25,0°CA, (@) K
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+ Spectral analysis: Basic ideas and a little bit history
+ Transition rates for bound-bound transitions

+ Electromagnetic field

[+ Interaction of EM field with hydrogen-like ions]

# Transition matrix elements and their evaluation

# Selection rules

03 June 2015



Dirac particle for charged particle in EM field

® Time-dependent Dirac equation for hydrogenic atom in electromagnetic field reads:

ih%‘lf(r,t) = (— i7ico -V +V (r) + m.c’a, + Ccea - A)T(r,t)

N

Coulomb potential Coupling to external field

® Of course, expression above is an approximation:

> The influence of the ion on the external field
IS neglected.

> The interaction between the radiation field
and the nucleus is ignored.

# How to solve such a Dirac equation? One of the ways is to apply time-dependent
perturbation theory!
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Time-dependent perturbation theory (1)

® Time-dependent Dirac equation for hydrogenic atom in electromagnetic field reads:

ih%‘l’(r,t) — (H, +AH. () ¥(r.t)

unperturbed time-independent Hamiltonian timAe-dependent perturbation

H, = —iAca-V +V (r) + mc’q, H, =cea- A

® We have discussed already eigenfunctions of the Hamiltonian H,

I_Alo';”k (r)=Euw,(r)

For simplicity: kK — (n, j, parity)

® General solution of the time-dependent Dirac equation can be expanded:

P(r,t) =D O (r) e

We need to find expansion coefficients c(t) !
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Time-dependent perturbation theory (2)

® To find expansion coefficients:

P(r,t) =D c O (r) e

N ™

ihE‘P(r,t) =(H, +AH, (1)) ¥(r,1)

® ... after some simple algebra we obtain:

oc,(t) 1
ot 17

Z/l ¢ () <l//b‘Hint‘l//k> e'(Bo—Bt/A
K

That is the system of coupled differential equations. To “decouple” it and,
hence, to solve it we may use perturbation approach.

® |If the perturbation AH;, is weak, we can expand c, coefficients in powers of the
parameter A:

¢, ) =c2M)+AcP M)+ A cP () +....
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Time-dependent perturbation theory

(up to first-order perturbation)
e By substituting ¢, (t)=cPt)+AcP )+ c?(t)+.... into:

[@Cgt(t) = .1 Zﬂ* C, (t) <Wb‘Hint‘l//k> ei(EbEk)tﬂ
17 5

® We easily find (with additional condition ¢\” =&, ):

2. &g
ot
t
i) = [y Ha Oy, ) e ™=

0
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Time-dependent perturbation theory (3)

® By using expansion of c, coefficients and by assuming that the system was initially
in the well-defined state a = (n,, j,, parity,) we obtain:

t
ce .
@) |(E —EE g4
c, (1) = j W,|o A‘wa 0 dt
173
® To proceed further we use the explicit form of the vector potential and finally obtain:

c, (1) = % Ida) A (w)| e <wb‘aeeikr v, >j dt’ g'(Fo~Ea—hie)tlh
Ao 0

t
. -is —ikr r (B, —E,+ho)t'/h stimulated
+ [0)
absorption e <wb‘ase l//a>£dt e } emission
E, =E, +ho E,=E, —ho
— ) | > e s | 31>
\ NV
/\/\/\/\/~| /\/\/\/\/\~\ ANV~
e— p— |a> . A |b>
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Transition probability: Absorption

® For the case of absorption: absorption
t Eb = Ea+ha)
M /4y _ CE is ikr ) i(Ey—E,—ha)t'/h
C t _- d e« e dt e b~ Fa
> (1) ihAJ o A (@)™ (y|az w>£ e
AAAATA

® Probability that the system which was in t'=0 in state |a>
is in t’=t in state |b> is: e e | 2>

I (w,.) 2
@) b ikr
Po(t) =|ct (t)‘ = : <l//b‘0589 W, > t laser pulse
a)ba \
proportional to intensity and to duration of pulse

® Itis more convenient to introduce the transition rate
(transition probability per unit time):

| : 2
I =C (Léa)KWb‘“ge'kr l//a>
a)ba
® Sometimes it is useful to define also the rate of =C 1_ <Wb‘age'kr v, >
absorption of energy per atom related to intensity W,

(cross section):
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Transition probabillity: Emission

stimulated
- . . emission
@ or € case of absorpton: Eb:Ea_ha)

c(l)(t)—— jda)ﬁb(a))e <wb\age kr

z//a>_[dt’e'(Eb JHho)t']h ST

\

AN /\~\ /R/R/R%\..
® Probability that the system which was in t'=0 in state |a> —— |h>
is in t’=t in state |b> is:
2
Po(t) = ‘C(l) (t)‘ _c a)ba) <l//b‘age " Wa> t laser pulse
@, \
proportlonal to |ntenS|ty and to duration of pulse

® |Itis more convenient to introduce the transition rate
(transition probability per unit time):

t=0  t=t
I,,=C Hea) (Z))bgaa) ‘<wb‘a8e‘"“ wa> g C Hea) (Z)’bgj) ‘<l//a ace™ Wb> 2
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Transition probabillity: Emission

® For the case of absorption:

C

cO) == [de A(w)e ™ (y|ace™
Ay

17

. 7

Note that rates for absorption
and emission are the same!!!

It is consistent with the
principle of detailed balance.

® Itis more convenienttol

(transition probability per unit timey:

r =C I(Zga) ‘<Wb‘age—ikr

ba
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e transition rate

stimulated
emission
E,=E,- o
t
‘//a>j dt’ g (Es—Earha)t/ e -
0 NV~
/‘/‘/‘/‘/“\ NS
\in t’=0 in state |a> —— |b>
—ikr 2
‘aae wa> t laser pulse
\
and to duration of pulse

t'=0 t'=t

_c I(;‘)’ga) ‘<l/jaa8eikr

ba

‘//b>2

Wa>2



Light amplification by stimulated emission of radiation

® Under certain conditions, stimulated emission
can provide a physical mechanism for optical
amplification.

® Usually, stimulated emission is much weaker
than absorption because the initial population
of the upper level is smaller that that of the
lower level.

® However, if a population inversion is achieved
between the upper and lower levels, stimulated — leve! s mCymmQm nighly excited state

emission becomes a dominant process. ,e..,:;_o_o_o_ gl 5
® We need at least three-level system to achieve a i

pOpUIatiOH inversion. § 'g population Inversion
3 =l U,
> @ stimulated emission

= (laser burst)

electrons fast

decay
level 1 ground state

© 2006 Encyclopadia Britannica, Inc.

Photos from www.wikipedia.org
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Spontaneous emission

® Quantum mechanics explicitly prohibits spontaneous spon_tan_eous
transitions. emission
E,=E, 7o
® Rigorous treatment of the spontaneous decay can be
done within the framework of QED. —— 2>
N\~
® Spontaneous emission in free space depends upon /\/\/\/\/
vacuum fluctuations to get started. Ib>
—
® Transition rate is given by (Fermi’s golden
rule):
27 —ikr :
7 L = 7‘<%\aee wa> Py (@)

e

@ density of final photon states
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Emission/absorption rates

2

s P,() = ‘<l//b ‘a ge t

Va)

® We have found that transition probabilities for the interaction of atom

(ion) with electromagnetic filed can be traced back to evaluation of the
transition matrix element:

M :<Wa

ace™ Ik w, (r)dr

l//b>EIw:(r)aee

® Now we shall learn how to calculate this matrix element!
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Plan of lecture

+ Spectral analysis: Basic ideas and a little bit history
+ Transition rates for bound-bound transitions
+ Electromagnetic field

+ Interaction of EM field with hydrogen-like ions

[+ Transition matrix elements and their evaluation }

# Selection rules
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Evaluation of matrix element

(multipole expansion)

® We wish to find a way for calculation of the transition matrix element:

ik
ace™

M .p :<Wa

vy) = i Dazety,
N\
final state /
photon plane wave

initial state

® We learned already in the previous lecture the possibility of multipole expansion of
plane wave solution. (Remind yourself: we did it for free electron wavefunction).

® There are few routes to perform such an expansion but we will for the moment take
the simplest one (standard Taylor series):

e =1+ikr +%(ikr)2 S

Very important question: how many terms in this expansion we
shall take into account?
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Nonrelativistic dipole approximation

® Let us start from the strongly non-relativistic case:

neutral hydrogen visible light

Wavelength [pm)
10% 0% 10° 107 107 100 10" 100 107 107 10 10% 10 107

r~10°° cm k~10° cm™

® We can keep only the first term in multipole expansion:
ikr - 1 - 2
e =1+ikr + = (ikr)* +...~1
2
® In such approximation matrix element reads:
+
M, = @ (N aey,(r)dr
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Qj Task 2

Does the non-relativistic dipole approximation holds for the radiative
transitions in high-Z (say, Z~92) hydrogen-like ions? Why?
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Nonrelativistic dipole approximation

® Since we are considering strongly non-relativistic case, we may (for the moment) take
non-relativistic Schrdédinger wavefunctions in our matrix element:

M, = [wi (N ae y, (r)dr

4

M. = [ (r) peyw, (r)dr =me [y (r) f ey, (r)dr
® For the further evaluation of this matrix element we shall recall Heisenberg equation:
dQ [ A [
Qi o] = r=lf]
dt 7
® By using this equation, we finally may find:

Moy = (Ey = Ep) [wa(n) rysy (N)dr =———(E, — E,) [ (N)(~ ey, (r)dr

electric dipole moment
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E1 selection rules

® From our discussion above it is clear that in order to understand whether some
particular transition from level n,, I,, m, to level n_, |, m, is allowed we have to find
whether transition matrix element is zero or not:

1
1/e

oC T Rna|a (r) Rnb|b (I’)r3 dr jY,:ma (O, @) (g ) f)Ylbmb (0, p) dQ

Moo = ———=(Ea —Ep) Wi, (N(—€N) w0 (r)dr =

® For the further evaluation of this matrix element let us write vector product & in terms
of spherical components:

g-f:Zg;rq
g

Few words about spherical components
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9 10.06.2015 Experiment (Kamiokande, cancer therapy, ....)
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