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Electric/magnetic dipoles

Electric and magnetic dipole fields have opposite parity:
Magnetic dipoles have even parity and electric dipole fields have odd parity.

⇒ 𝜋𝜋 𝑀𝑀𝑀 = −1 ℓ+1 𝑎𝑎𝑎𝑎𝑎𝑎 𝜋𝜋 𝐸𝐸𝐸 = −1 ℓ
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Classical electrodynamics

 The nucleus is a collection of moving charges, which can induce 
magnetic/electric fields

 The power radiated into a small area element is proportional to 𝑠𝑠𝑠𝑠𝑠𝑠2 𝜃𝜃

 The average power radiated for an electric dipole is:

𝑃𝑃 =
1

12𝜋𝜋𝜖𝜖0
𝜔𝜔4

𝑐𝑐3
𝑑𝑑2

 For a magnetic dipole is

𝑃𝑃 =
1

12𝜋𝜋𝜖𝜖0
𝜔𝜔4

𝑐𝑐5
𝜇𝜇2
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Higher order multipoles

It is possible to describe the angular distribution of the radiation field as a function 
of the multipole order using Legendre polynomials.

 ℓ:     The index of radiation
2ℓ:      The multipole order of the radiation

 ℓ = 1 → 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
ℓ = 2 → 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄
ℓ = 3 → 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂

 The associated Legendre polynomials 𝑃𝑃2ℓ 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 are:
For ℓ = 1: 𝑃𝑃2 = 1

2
3 � 𝑐𝑐𝑐𝑐𝑐𝑐2 𝜃𝜃 − 1

For ℓ = 2: 𝑃𝑃4= 1
8

35𝑐𝑐𝑐𝑐𝑐𝑐4 𝜃𝜃 − 30𝑐𝑐𝑐𝑐𝑐𝑐2 𝜃𝜃 + 3
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Nuclear excited state decay angular momentum in γ-decay

 The photon is a spin-1 boson

 Like α-decay and β-decay the emitted γ-ray can carry away units of angular 
momentum ℓ, which has given us different multipolarities for transitions.

 For orbital angular momentum, we can have values ℓ = 0,1,2,3,⋯ that  
correspond to our multipolarity.

 Therefore, our selection rule is:

𝐼𝐼𝑖𝑖 − 𝐼𝐼𝑓𝑓 ≤ ℓ ≤ 𝐼𝐼𝑖𝑖 + 𝐼𝐼𝑓𝑓
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Characteristics of multipolarity selection rules

L multipolarity π(Eℓ) / π(Mℓ) angular distribution

1 dipole -1 / +1

2 quadrupole +1 / -1

3 octupole -1 / +1

4 hexadecapole +1 / -1

⁞

ℓ = 1 ℓ =2

𝐸𝐸𝛾𝛾 = 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑓𝑓

𝐼𝐼𝑖𝑖 − 𝐼𝐼𝑓𝑓 ≤ ℓ ≤ 𝐼𝐼𝑖𝑖 + 𝐼𝐼𝑓𝑓

∆𝜋𝜋 𝐸𝐸𝐸 = −1 ℓ

∆𝜋𝜋 𝑀𝑀𝑀 = −1 ℓ+1
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The basics of the situation

ℓ

2

0

2 − 0 ≤ ℓ ≤ 2 + 0

Here Δ𝐼𝐼 = 2 and ℓ = 2
this is a stretched transition
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The basics of the situation

ℓ

3

2

3 − 2 ≤ ℓ ≤ 3 + 2

Here Δ𝐼𝐼 = 1 but ℓ = 1,2,3,4,5
and the transition can be a mix of 5 multipolarities
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The basics of the situation

𝐸𝐸𝛾𝛾, ℓ,Δ𝜋𝜋

Electromagnetic transitions:

Δ𝜋𝜋 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = −1 ℓ

Δ𝜋𝜋 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = −1 ℓ+1

𝛥𝛥𝛥𝛥 yes E1 M2 E3 M4

no M1 E2 M3 E4
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The basics of the situation

ℓ

2+

0+

2 − 0 ≤ ℓ ≤ 2 + 0

ℓ = 2 and no change in parity

𝛥𝛥𝛥𝛥 yes E1 M2 E3 M4

no M1 E2 M3 E4
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The basics of the situation

ℓ

3+

2-

3 − 2 ≤ ℓ ≤ 3 + 2

Here Δ𝐼𝐼 = 1 but ℓ = 1,2,3,4,5

𝛥𝛥𝛥𝛥 yes E1 M2 E3 M4

no M1 E2 M3 E4

mixed E1,M2,E3,M4,E5
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The basics of the situation

ℓ

3+

2+

3 − 2 ≤ ℓ ≤ 3 + 2

Here Δ𝐽𝐽 = 1 but ℓ = 1,2,3,4,5

mixed M1,E2,M3,E4,M5

𝛥𝛥𝛥𝛥 yes E1 M2 E3 M4

no M1 E2 M3 E4
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The basics of the situation

3+ → 2+: mixed M1,E2,M3,E4,M5

3+ → 2−: mixed E1,M2,E3,M4,E5

In general only the lowest 2 multipoles compete

and (for reasons we will see later)

ℓ + 1 multipole generally only competes if it is electric:

3+ → 2+: mixed M1/E2

3+ → 2−: almost pure E1 (very little M2 admixture)
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Characteristics of multipolarity

L multipolarity π(Eℓ) / π(Mℓ) angular distribution

1 dipole -1 / +1

2 quadrupole +1 / -1

3 octupole -1 / +1

4 hexadecapole +1 / -1

⁞

parity: electric multipoles π(Eℓ) = (-1)ℓ, magnetic multipoles π(Mℓ) = (-1)ℓ+1

ℓ = 1 ℓ =2

The power radiated is proportional to:

where σ means either E or M and ℳ 𝜎𝜎ℓ is the E or M multipole moment of the appropriate kind.

𝑃𝑃 𝜎𝜎𝜎 ∝
2 ℓ + 1 � 𝑐𝑐

𝜀𝜀0 � ℓ � 2ℓ + 1 ‼ 2
𝜔𝜔
𝑐𝑐

2ℓ+2
ℳ 𝜎𝜎𝜎 2
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Emission of electromagnetic radiation

where Eγ = Ei – Ef is the energy of the emitted γ quantum in MeV (Ei, Ef are the nuclear level 
energies, respectively), and the reduced transition probabilities B(Eℓ) in units of e2(barn)ℓ and
B(Mℓ) in units of 𝜇𝜇𝑁𝑁2 = ⁄𝑒𝑒ℏ 2𝑚𝑚𝑁𝑁𝑐𝑐 2 𝑓𝑓𝑓𝑓 2ℓ−2
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Nuclear shape magnetic moments

Nuclear magnetic dipole moments arise from
 intrinsic spin magnetic dipole moments of

the protons and neutrons
 circulating currents (motion of the protons)
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Magnetic moment classical description

e−

IA

e−-movement ⇒ magnetic moment     𝜇𝜇𝑒𝑒

angular momentum:

Quantum mechanical description: angular momentum will be quantized, in units of  ħ.

𝜇𝜇𝑒𝑒 =
𝐼𝐼
𝑐𝑐
� 𝐴𝐴 � 𝑛𝑛

𝐼𝐼 = −𝑒𝑒 � 𝜈𝜈 = −𝑒𝑒 �
𝑣𝑣
2𝜋𝜋𝜋𝜋

𝐴𝐴 = 𝜋𝜋 � 𝑟𝑟2
⇒ 𝜇𝜇𝑒𝑒 = −

1
2
�
𝑒𝑒 � 𝑣𝑣 � 𝑟𝑟 � 𝑛𝑛

𝑐𝑐

𝐿𝐿 = 𝑟𝑟 × 𝑝⃗𝑝 = 𝑟𝑟 � 𝑚𝑚𝑒𝑒 � 𝑣𝑣 � 𝑛𝑛 ⇒ 𝜇𝜇𝑒𝑒 = −
𝑒𝑒

2 � 𝑚𝑚𝑒𝑒 � 𝑐𝑐
𝐿𝐿

𝑛𝑛

𝐿𝐿

𝑟𝑟

𝜇𝜇𝐵𝐵 =
𝑒𝑒 � ℏ

2 � 𝑚𝑚𝑒𝑒 � 𝑐𝑐
= 5.788 � 10−11

𝑀𝑀𝑀𝑀𝑀𝑀
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

𝜇𝜇𝐾𝐾 =
𝑒𝑒 � ℏ

2 � 𝑚𝑚𝑃𝑃 � 𝑐𝑐
= 3.152 � 10−14

𝑀𝑀𝑀𝑀𝑀𝑀
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
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Quark model

Charge Mass mq Spin mag. Moment
u-quark + 2/3 ~ 1/3 Mp 1/2

d-quark - 1/3 ~ 1/3 Mp 1/2

general coupling rule: ( ) ( ) ( ) ( )
( ) ( )21

2211
2121 12

11
2
1; gg

JJ
jjjjggJjjg −⋅

+⋅⋅
+−+

++=×

Proton (uud) : ( ) ( ) ( ) 444
212

2/32/12/32/144
2
11;2/12/1 =−⋅

⋅⋅
⋅−⋅

++=×g

( ) ( ) ( ) 624
2/3

4/3224
2
12/1;2/11 +=+⋅

−
+−=×g

Neutron (ddu) : ( ) ( ) ( ) 222
212

2/32/12/32/122
2
11;2/12/1 −=+−⋅

⋅⋅
⋅−⋅

+−−=×g

( ) ( ) ( ) 442
2/3

4/3242
2
12/1;2/11 −=−−⋅

−
++−=×g

gDirac = 2 prediction of the Dirac-theory for the gyromagnetic factor for spin ½-particles

gs
proton = +5.58 ⇒ big deviation from g = 2 ⇔ no fundamental particle

gs
neutron = -3.82

2 �
2
3

�
𝑒𝑒 � ℏ

2 � 𝑚𝑚𝑞𝑞� 𝑐𝑐
� 𝑠𝑠 = 4 � 𝜇𝜇𝐾𝐾 � 𝑠𝑠

2 � −
1
3

�
𝑒𝑒 � ℏ

2 � 𝑚𝑚𝑞𝑞 � 𝑐𝑐
� 𝑠𝑠 = −2 � 𝜇𝜇𝐾𝐾 � 𝑠𝑠
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Success of the extreme single-particle shell model

Magnetic moments:
The g-factor gj is given by:

with 

Simple relation for the g-factor 
of single-particle states  

𝜇𝜇𝑗𝑗 = 𝑔𝑔ℓ � ℓ + 𝑔𝑔𝑠𝑠 � 𝑠𝑠 = 𝑔𝑔𝑗𝑗 � 𝚥𝚥 ⇒ 𝜇𝜇𝑗𝑗 = 𝑔𝑔ℓ � ℓ + 𝑔𝑔𝑠𝑠 � 𝑠𝑠 �
𝚥𝚥
𝑗𝑗

�
𝚥𝚥
𝑗𝑗

ℓ2 = 𝚥𝚥 − 𝑠𝑠 2 = 𝚥𝚥2 − 2 � 𝚥𝚥 � 𝑠𝑠 + 𝑠𝑠2 𝑠𝑠2 = 𝚥𝚥 − ℓ
2

= 𝚥𝚥2 − 2 � 𝚥𝚥 � ℓ + ℓ2

𝜇⃗𝜇𝑗𝑗 =
𝑔𝑔ℓ � 𝑗𝑗 𝑗𝑗 + 1 + ℓ ℓ + 1 − 3/4 + 𝑔𝑔𝑠𝑠 � 𝑗𝑗 𝑗𝑗 + 1 − ℓ ℓ + 1 + 3/4

2 � 𝑗𝑗 𝑗𝑗 + 1
� 𝚥𝚥

𝑔𝑔𝑗𝑗 =
1
2
� 𝑔𝑔ℓ + 𝑔𝑔𝑠𝑠 +

1
2
�
ℓ ℓ + 1 − 𝑠𝑠 𝑠𝑠 + 1

2𝑗𝑗 𝑗𝑗 + 1
� 𝑔𝑔ℓ − 𝑔𝑔𝑠𝑠

𝜇𝜇
𝜇𝜇𝑁𝑁

= 𝑔𝑔𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑔𝑔ℓ ±
𝑔𝑔𝑠𝑠 − 𝑔𝑔ℓ
2ℓ + 1

𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ ± 1

nucleus   state        Jπ model    experiment
μ/μN
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Success of the extreme single-particle shell model

 magnetic moments:

 g-factor of nucleons:
proton:       gℓ = 1;     gs = +5.585 
neutron:     gℓ = 0;     gs = -3.82 

proton:

neutron:

𝜇𝜇𝑧𝑧 =
𝑔𝑔ℓ � 𝑗𝑗 −

1
2

+
1
2
� 𝑔𝑔𝑠𝑠 � 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ + 1/2

𝑗𝑗
𝑗𝑗 + 1

� 𝑔𝑔ℓ � 𝑗𝑗 +
3
2

−
1
2
� 𝑔𝑔𝑠𝑠 � 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ − 1/2

𝜇𝜇𝑧𝑧 =
𝑗𝑗 + 2.293 � 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ + 1/2

𝑗𝑗 − 2.293 �
𝑗𝑗

𝑗𝑗 + 1
� 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ − 1/2

𝜇𝜇𝑧𝑧 =
−1.91 � 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ + 1/2

+1.91 �
𝑗𝑗

𝑗𝑗 + 1
� 𝜇𝜇𝑁𝑁 𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = ℓ − 1/2
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Magnetic moments: Schmidt lines

magnetic moments: neutron  

magnetic moments: proton
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Single particle transition (Weisskopf estimate)

For the first few values of  λ, the Weisskopf estimates are

gamma energy Eγ [keV]

tra
ns

iti
on

 p
ro

ba
bi

lit
y 

λ
[s

-1
]
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Magnetic moments are not sensitive to deformation or collectivity
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Odd-even nucleus: 181Ta

𝐼𝐼 − 1,𝐾𝐾 𝑀𝑀 𝑀𝑀𝑀 𝐼𝐼,𝐾𝐾 = −
3

4𝜋𝜋
𝐼𝐼 + 𝐾𝐾 𝐼𝐼 − 𝐾𝐾

𝐼𝐼
� 𝐾𝐾 � 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 1 + 𝛿𝛿𝐾𝐾,1/2 −1 𝐼𝐼+1/2𝑏𝑏0 𝜇𝜇𝑁𝑁

The quantity b0 depends on the magnetic decoupling parameter

gK –gR = 0.469(6)

gK = 0.782(2)
gR = 0.313(5)

M. Loewe; dissertation

𝜇𝜇 ⁄7 2+ = 2.3705 ± 0.0007

𝜇𝜇 =
𝐾𝐾

𝐼𝐼 + 1
� 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 � 𝐾𝐾 + 𝑔𝑔𝑅𝑅 � 𝐼𝐼

𝜇𝜇 ⁄9 2− = 5.28 ± 0.09

⁄9 2− 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 =
22
81

⁄9 2−𝜇𝜇 − ⁄7 2+𝜇𝜇
9
7

+ ⁄7 2+ 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅
7
2

⁄9 2− 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 ≈ ⁄7 2+ 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅
77
81

+ 0.606 = 1.052
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Odd-even nucleus: 181Ta

�13
2
+

�11
2
+

�9
2
+

�7
2
+

181Ta

0.136

0.495

0.302

0.0

𝜏𝜏 = �𝑇𝑇1/2
𝑙𝑙𝑙𝑙𝑙

𝜏𝜏 = 23.1 ± 4.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = 57.0 ± 2.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 𝜆𝜆 + 𝛿𝛿𝑁𝑁→𝐾𝐾2 𝜆𝜆
−1

𝜀𝜀𝑁𝑁→𝑀𝑀2 ℓ = 𝛿𝛿𝑁𝑁→𝑀𝑀2 ℓ � 𝛼𝛼𝑁𝑁→𝑀𝑀 ℓ

𝛿𝛿𝑁𝑁→𝑀𝑀 𝜆𝜆 =
8𝜋𝜋 𝜆𝜆 + 1

𝜆𝜆 2𝜆𝜆 + 1 ‼ 2
1
ℏ

ℏ𝜔𝜔
ℏ𝑐𝑐

2𝜆𝜆+1 ⁄1 2

� 2𝐼𝐼𝑁𝑁 + 1 − ⁄1 2 � 𝐼𝐼𝑀𝑀 ℳ 𝜆𝜆 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝑀𝑀 𝐸𝐸𝐸 = 1.225 � 1013 � 𝐸𝐸𝛾𝛾5 𝑀𝑀𝑀𝑀𝑀𝑀 5 ⁄1 2 � 2𝐼𝐼𝑛𝑛 + 1 − ⁄1 2 � 𝐼𝐼𝑀𝑀 ℳ 𝐸𝐸𝐸 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝑀𝑀 𝑀𝑀𝑀 = 1.758 � 1013 � 𝐸𝐸𝛾𝛾3 𝑀𝑀𝑀𝑀𝑀𝑀 3 ⁄1 2 � 2𝐼𝐼𝑛𝑛 + 1 − ⁄1 2 � 𝐼𝐼𝑀𝑀 ℳ 𝑀𝑀𝑀 𝐼𝐼𝑁𝑁

conversion coefficient.: bricc.anu.edu.au

𝜏𝜏 = 9.1 ± 1.2 𝑝𝑝𝑝𝑝

T. Inamura et al., Nucl. Phys. A270 (1976) 255

E2 + M1

E2 + M1
E2
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Odd-even nucleus: 181Ta

�13
2
+

�11
2
+

�9
2
+

�7
2
+

181Ta

0.136

0.495

0.302

0.0

𝜏𝜏 = �𝑇𝑇1/2
𝑙𝑙𝑙𝑙𝑙

𝜏𝜏 = 23.1 ± 4.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = 57.0 ± 2.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 𝜆𝜆 + 𝛿𝛿𝑁𝑁→𝐾𝐾2 𝜆𝜆
−1

𝜏𝜏 = 9.1 ± 1.2 𝑝𝑝𝑝𝑝

Spin I Eγ (MeV) (2I+1)-1/2 <I-1//M()//I> delta αT ε2 τ
(ps)

9/2 0.1365 0.3162 -3.899 (E2) -29594. 1.1 9.98·108 533

1.103 (M1) 73591 1.8 9.75·109 58.7

11/2 0.1654 0.2887 -4.291 (E2) -48238 0.6 1.33·109 274

1.413 (M1) 115044 1.0 1.38·1010 32.6

11/2 0.3017 0.2887 1.977 (E2) 99868 0.1 8.08·108 24.1
T. Inamura et al., Nucl. Phys. A270 (1976) 255

E2 + M1

E2 + M1
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Oddproton-evenneutron nuclei

μ (gK-gR) B(M1)W.u. (gK-gR)
153Eu 5/2+ +1.5324(3) 0.551 0.00608(28) 0.185
159Tb 3/2+ +2.014(4) 1.556 0.173(8) 1.471
165Ho 7/2- +4.177(5) 1.012 0.275(14) 0.973
169Tm 1/2+ -0.2316(15) 0.0342(8)
175Lu 7/2+ +2.2327(11) 0.298 0.0354(14) 0.349
181Ta 7/2+ +2.3705(7) 0.352 0.068(4) 0.484
185Re 5/2+ +3.1871(3) 1.217 0.28(5) 1.252
187Re 5/2+ +3.2197(3) 1.242 0.260(18) 1.206
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