Pairing Correlations
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expectation of the indep. particle model: _ |

E=0: [ho/o @ hosol’  (1=0,2,4,6.8)

E=0.89 MeV: [hg 5 & f7 /2]
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—> # of states below 1 MeV: 13
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210 Po,, =29 Pb,,. +2p
expectation of the indep. particle model.:
E=0: [hg/2 @ hg /2]’ (1=0,2,4,6,8)
E=0.89 MeV: [hg > Q) f7/2]" (I=1,2,3,4,5,6,7.8)
——> # of states below 1 MeV: 13

observed spectra:
1.20 MeV 4+
0.81 MeV 27
0 0+
210PO

— Effects of the residual interaction
TLQ A
H = Z <_2—V + VHF(Z)) % > v(rg,rj) — ZVHF(i)

1=1 459




Effects of the residual interaction
A
H = Z <_2—V + VHF(Z)> 1 Z”U(’I“Z rj) - ZVHF(Z)

=1

~ —gé(r —7") (short range force)
5(r — ")
= U Sy Yy ()
rr! W

AE; ~ ([ Qi —g5(r - K1

_ F(2j+1)2( i z)Q
IEr TS 1/2 —1/2 0

(for even )

u 'l(T)
F, = / dr—2 (radial integral)
412



2'_|_ 1 2 . : T 2 -
AE]N—QFT( J . ) (1?2 _13/2 O) = —gF,-A(7, 1)
A@j D) =0 =2 =4 =6

j=5/2 | 3.00 0.685 0.286  ---
=72 | 400 0.95 0467 0233

07,27,4%,67,.....
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without with residual
residual interaction
Interaction



Simple interpretation:

A

—
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| |

I=0 pair I #0 pair

The spatial overlap 1s the largest for the /=0 pair.

“Pairing Correlation”

(note) The I=2j pair is unfavoured due to the Pauli principle.
(note)

(1%, L =0) =) (Iul — p|L = 0,0) Y, (#1)Y,_,(F2) = Yjo(012)/V4n
1L
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without with residual
residual interaction
Interaction
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The ground state spin of nuclei

»Even-even nuclei: 0*
»Even-odd nuclei: the spin of the valence particle



Mass Formula (Even-odd mass difference)

Extra binding when like nucleons form a spin-zero pair

Example:

210 — 208
82Pb128 o 82Pb126+2n

210 RF  — 208
538127 P D tntp

209 _ 208
o I o Pb et
200 R — 208
5381126 5:PD1 6 TP

Binding energy (MeV)

1646.6
1644.8

1640.4
1640.2

Bpair —

@)

(for even — even)
(for even — odd)
(for odd — odd)

More later



The BCS theory Many-particles in non-degenere}tga levels
~ mean-field approx. for the pairing channel ~

Simplified pairing interaction

L - the time reversed state
—_ Tp- T — T '
V=-GP'P,; P—zza,/a,7 of U
v>0 e.g.,
vy = njlm), |7) = [njl — m)
0%,2+,4%,6%,. 7. """""""""""""""""""""""""""""" 2+ 4+ Gt

0* 0+
delta force monopole

Cf. Metallic superconductivity pairing force



Solve the pairing Hamiltonian

H = Z ey(alay + a];a,;) -G (Z alag) (Z a;a,,)

vr>0 vr>0

in the mean-field approximation

® Mean-field approximation:
V=-GP'P—-G((PYP+ PI(P)) = —A(PT + P)

Cft. HF potential
Vir(r) = [ o(r,7)pug(r)r
<—=> particle number violation
® The Bardeen, Cooper, Schrieffer (BCS) ansatz
vy = 1] (uy + vy a,T/a:L/)| O>

v>0
]u,/|2 -+ |”Uu’2 — 1 <«—— normalization

(note) <a;f/ay> = |'UV|2 . occupation probability



® The Bardeen, Cooper, Schrieffer (BCS) anzatz

vy = 1] (uV vy a,T/a:L/)|O>

v>0

]u,/|2 -+ |”Uu’2 — 1 <«—— normalization

(note) <a;f/ay> = |'UV|2 . occupation probability

BCS convention: Uj;; = Uy, Vi = —7Vyp (real numbers)

(1 + v—yaia];> O> = exp (U—V aia}) O>
Uy Uy

W) x exp (Z e ala:%) O> (pair condensed wave function)

>0 v

<

'U/ya/l I ”Uya;

W) < || avap|0) ol

1%
v>0 T
az

uVaTD ~+ vpay



H = Z ey(a};a,/ + al];ap) -G (Z ala}) (Z a,;a,,)

v>0 v>0
® Mean-field approximation:

V=-GPP->_-G ((PUP + PT<P>) = _A(PT 4+ P)
® The Bardeen, Cooper, Schrieffer (BCS) anzatz

W) =TI (w+wae)[o)  ju[2+|ul?=1
v>0
(note) <a};ay> = |v,|?, A = G(PT> =G ) wuy
v>0

Minimize (H') = <Z e, (alay, + a:L/a,j) — GPTP — >\N>

C N =) (alay + a;a;

E' = (VIH'|W) ~2 Y (e — Mvf — A?/G




2
E'=2 Z (er — )\)vg — (G Z uyvy) /G

v>0 v>0
Minimization:
C) _ ( é) I é)Upf 69 ) l?l
¢91h/ é}UV 6MLV
= 2(ey — Nupvy + A(v2 — u?)
u2 —+ v2 =
@ w2 = 1 (1 )
2
> 1
v, = §<1 ) By = \/(ey — \)2 + A2
G A
~ — (Gap equation)
. 050 Ey




Gap Equation A — G A
2 v>0 \/(‘51/ — >\)2 + A2

1) Trivial solution: always exists

A =20
2=ty A = 1 (e, <))
2 \/(6;/ . )\)2
— O (Ey > )\)
@ G a/o N ——large
11) Superfluid solution
G 1 . .
1= 5 > -~ <~ (Note) obviously this
v>0 \/ (ev —A)*+ A equation cannot be
satisfied for G=0
2 1 € — )\
v, = — 1+ <1
2 \/(61/ — >\)2 + A2



1) Trivial solution: always exists
A =20
vg 1 (e < N)
0 (ev > A)

I1 aballo)
>0

W)

IG a/o N —large

11) Superfluid solution
A #£=O0
fvg <1

|IBCS) = ] (uy + vy ala}%)‘ O>
v>0

Number fluctuation

1
>

=

o

Ra

S -
— A €,
-

.9 A

= vif Az0
Q

= !

O

O

o

Pairing gap
A

<

Norma-Superfulid phase transition



Particle Number Projection

IBCS) = ] ('Uq/ + v aia:i/) ‘ O> : violation of the particle number
v>0

mmssss)»> Particle number projection

Cf. Violation of the rot. symmetry for def. nuclei
and the angular momentum projection

Projection operator: (A N)2 = (N - N)2>
_ 1 27 (N 2 2
Py = — dp clP(N—N) = 4 Z u;,v;,

27 J0 v>0

(note) |BCS) =)> Cpi|N")
N/
— |projy = Py|BCS) = Cy|N)
degenerate

(note) e’iNﬂBCS) = 1] (uy + v, ¥ alai)‘ O> (— with |BCS)

U
vr>0



Variation After Projection: determine Uy, by minimizing

(BCS|Py(H — AN)Py|BCS)

El .= S
Pro) (BCS|PyxPy|BCS)
0 ouy O ;o
— <a—’0y + Ovy 8UV> Eproj =9
) A =G Z Uy Vy
v>0
] | I ]
— BCS

—— Number Projection




Bogoliubov Transformation

|BCS) = H (u,/—l—v,/a )‘ > H ayag;|0)

v>0

Bogoliubov transformation

T

ai — uyai — vyag, o = uyag ~+ vpay

(Quasi-particle operator)

(note)
{av,a,} =0, {ay, ozl,} = 0,/

(note)

ay|BCS) =0




v>0

Z ey(alay + a:gap) — G (Z aia%) (Z a;ay>

Epcs + Hi11 + Hog + Vres

>0 >0

BCS solution

@ Hqq

H>g

const. = (BC'S|H|BC'S)

Epcs
Hq1 Qo
Hoq Q
Vies 8
= Z E, alozy
14
= 0

«

o + ao

faTalal —+ alalala 4+ .-+ acoo

B, = /(ey — N)2 4+ A2



The meaning of the Bogoliubov transformation

H' = Z(ey — )\)(aiay + a:ga;) -G (Z a,tal];) (Z a,;ay>

v>0 v>0

Mean-field approximation:
V=-GPPr-> -G ((PT)P + PT<P>) — _A(PT+ P)

(note) the quadratic form can be diagonalized with the Bogoliubov
transformation:

h=¢cle n (cfel + cc)

C Bogoliubov transformation CJr = Uu Oé]L — UV

h=¢w? —vala+ (0 — cuwv)(@Tal + aa)
Choose Uv = 77/5

Ch = £(u? — vd)a'a



Quasi-particle excitations H ~ Epcs+ ) Ev afou
124

oo s. of even-even nuclei: |BC'S)
®(One quasi-particle states:
v1) = a,JL1|BCS> = all 1] (u,/ + v aia;)| O>
vEEq
Wave function for odd-mass nuclei
(vi|H|vy) = (H) + Ev,

®Two quasi-particle states:
v1v2) = o, af, | BCS)
Excited state of the even-even nucle1
(rivo|Hlvivo) — (H) = Ey; + Euy

o > 2A < Eknergy gap
(note) no pairing limit: o

a;;oz;rl — a;ah, Ey+ Ep — (ep — A) + (A —¢€p)
(particle-hole excitation)



Even-odd mass difference and pairing gap

A (for even — even) E(N 4 2, Z) E(]\[7 Z) 4 2\

0 (for even — odd)
—A (for odd — odd) E(N 1’Z) E(N’Z) A A

Bpair

S

—An ~[E(N+2,2) —2E(N +1,2) + E(N, 2)]/2
o Ap~ (An(N) 4+ An(N —1))/2

41,

Apn IN MeV
N (°%]
=1 LI R B B P |

T T

Bohr-Mottelson
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o
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(note) weaker A-dependence?

A(N) = % [3B(N — 1) — 3B(N) — B(N — 2) 4+ B(N 4+ 1)]
=== A ~ 124~ 1/2  (Bohr-Mottelson)
N
AN) = 2BV — 1) — 2B(N) + BN + 1))

mmm)> Weaker 4-dependence

»>Isolation of the pairing effect from
the deformation effect
»>Consistent with Gogny HFB

W. Satula, J. Dobaczewski, and
| ¥ W. Nazarewicz, PRL81(°98)3599
.. S.Hilaire, et al., PLB531(°02)61

1 |
f Hi i il il (L] 120 I40 Ihi
Mentron number




Seniority Scheme

e =0

Particles in a single degenerate level Q000

H = —GgPp: pf= Z a;rnaf_m Degeneracy: 2)

m>0
= —GQATA; AT =P1/V/Q
®B(CS approximation
2 _
202 =N ¥ 2 = N/2Q
w? = 1— N/2Q
(Y
A =0Quv=GS2 £(1—£>
2€2 2€2

Egcs = (H) = —A%/G = —GZQ (1 - N/2€2)




f ol

m=—m

H = -GP'P; P'= Y a
m>0
= —GQATA; AT=PI/VQ

eExact solution (Seniority scheme)

s

(note) (4, AT =1 — g Al0Yy =0, N|0)=0
(Y HAlo) = —a af|o)
H(AT)?0) = —2G(Q - 1) (A")?|0)

—GN/4-(2Q — N +2) (4aHN/2)0)

|

GNS?
Egcs = 5 (1 - N/2%2)

(/Y The BCS approximation is good for large V.

H(AHN/2|0)



BCS approximation with a delta interaction

O+,2+,4+ 6+ ‘:5\\:::\ ______________________________________________________________
A AETEEEL VN + A+ A+
S 24,6

0* 0+
delta force monopole
delta force pairing force
Vv =-%Y G, V = —GP'P
I/,V,>O PT — Z alan
— 0
X Z(_)u[ajja;](ku) [al;/%,](k K >
As b

. Application to weakly
===) State dependent pairing gap A\ ;, < pound nuclei




Divergence problem associated with a contact force

Gap equation 1n the momentum space:

A — _Z <k|v|k/> Ak/
k 2 > A2
L' \/(ek/—ep) — A<,

(note)

n_ L po—i(k—K)r N _ 9
(K|v|k) = (zw)?»/ d (M) = 53

for w(r) = g3(r)

(™

The gap equation diverges if the whole & space is
included.



Gap equation in a truncated space

Refs. G.F. Bertsch and H. Esbensen,
/ dk — /‘5k <E, dk Ann. of Phys. 209(°91)327
— H. Esbensen, G.F. Bertsch, K. Hencken,

Phys. Rev. C56(°97)3054

(note) phase shift for nn scattering with a contact interaction

- > ok (ke —k
kcotd = ——|1 k —In( )]
o |1 T ke T 5 ke +

. myg
222

«

<——> Effective range expansion:
kcotd ~ —1/a+ rk?/2

a: scattering length, r: effective range

TLQ (IlOtC)
ann = —18.5+ 0.5

m T — cha ’I’I’Lkﬁc (fm)




Gap equation in a truncated space

Refs. G.F. Bertsch and H. Esbensen,
/ dk — /‘5k <E, dk Ann. of Phys. 209(°91)327
— H. Esbensen, G.F. Bertsch, K. Hencken,
Phys. Rev. C56(°97)3054

R 2 h2
7'('2 ¢ ~ —27‘(‘2
m m™— 2kca mkec

g=>2

(note) another dimensional regularization scheme
Ref. A. Bulgac and Y. Yu, PRL88(’02)042504

(note) Application of a density-dependent delta interaction

v(ir,r") =g [1 — ('O(F)> ] s(r — ")

PO

m==) In the next lecture (in connection to the Hartree-Fock-
Bogoliubov theory)



