Error Analysis

Quality of measurements (standard deviation, full with at half maximum FWHM)
Statistical error: peak on top of a background
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Gaussian Function
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Gaussian function:  f(x) =

Full Width at Half Maximum:  FWHM =2 -In2 - ¢
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Quality of Measurements: Resolution
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Resolution is generally defined as 1 standard deviation (1o) for a Gaussian distribution,

or full width half maximum (FWHM = Az). o, = FWHM/2.355
: . . : . N 1
If the measurement is dominated by Poissonian fluctuations: 92 _ VN -
(zy N N

Fano factor F: fluctuations on N are reduced by correlation in the production of

consecutive e-hole pairs. For Germanium detectors F~0.1 - P
Z

(z) ~ N
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Statistical Error: Peak on top of Background

COUNTS

CHANNEL NUMBER

The area above the background represents the total counts between the vertical lines P
minus the trapezoidal area B (red hatched). If the total counts are (P+B) and the end-
points of the horizontal line are B, and B, (width of B, + B, = width of B), then the net
area is given by:

P=(P+B)-B

The standard deviation of AP is given by:

AP =P +2-B
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The mean value and the standard deviation

00 01 0.2 03 04

1 n
mean value X = - Z X |
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_ standard normal distribution
tandard deviati 21 (% — %)°
standard deviation o = n—1 68.3% of data in the interval p * o
94.4% of data in the interval p £ 20
99.7% of data in the interval p £ 3o
. = Z?:l Wi = Xj
weighted mean value X ="3n
i=1 Wi
ahted standard deviation o, = | 2= Ci =X
weighted standard deviation oy =
’ (n—1)-XF,w;
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The mean value and the standard deviation

iahted | f_z?=1wi'xi
welgnhted mean value Z?:lwi

. . . ?:1 Wl ' (xl - f)z
weighted standard deviation ow = -1 Y w,
i=1""1

The weight W; is given by the errors of the individual data X; £ ©;

?=1(xi/0i2)

weighted mean value X =

(n—-1)X,(1/0:%)

weighted standard deviation ¢, = \/
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Experimental standard deviation
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L Basic problems:

________________ " g » The number of trial measurements are limited.
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_east-Squares Regression

X

scattered data ¥ polynomial fit approximate fit ’

The principle of least squares is one of the popular methods for finding a curve fitting a given data.
Say (X1,Y1), (X2,Yo), -.. (X,,Y,), be n observations from an experiment. We are interested in finding a curve ¥ = f(x)

Hans Jurgen Wollersheim (2020)



east-Squares Fit of a Straight Line

We are interested in finding a curve

y=a+b-x

We consider the sum of the squares of

2 2
We need to find a,b such that 2 is minimum. X~ _ 4X” _
da db
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east-Squares Fit of a Straight Line

d 2 n n n
%=22[yi—(a+b-xi)]=0 —> n-a+b2xi=2yi
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n n n
ZZ ‘xilyi—(a+b-x)]=0— le+b2xl le Vi
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In matrix form

ol =

n
n n
i=1 i=1

Vi

n n
Z Z Xi*Yi
i=1 i= 1 i=1
S W
l=1 i= 1

_ S Vi e Xt — X X N X Y
¥, = (S, )’
NYio1 X Vi — Xi=1 Xi Li=1 Vi
¥, 2 = (S, )’

ol = :
b nzl 1xl (Zl 1 l)

The 2x2 matrix inverse is

b =
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east-Squares Fit of a Straight Line

standard deviation

_ X Yi X X — N % Z?:; Xi  Yi FOT?
n ¥, x? — (2 %) -
_nXia Xy — Xt % Xiea Vi error propagation:
Yk, x? — (S, x) 02 =Z<d—a>2" s 0PI x’
a dy;) % Ry x? — (30 1xl)z
Example: . N9\, _ n-a,?
[ X; Yi " _Z<d_yl> ” nXix? - (Zk 1x1)
1 | 208 | 21,6
2 | 152 | 155
3 | 113 | 104
4 | 227 | 31,0
5 | 137 | 13,0
6 | 238 | 324
7 178 19,0
8 104 10,4
9 | 191 | 19,0
10 | 130 | 11,8
> | 1678 | 184,1
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Efficiency (%)

_east-Squares Regression

Linear models are not limited to being straight lines, but include wide range of shapes. For example
f(x;d) =ag+aq - In(x)
Linearization of non-linear relation:
f)=a-x"* = loglf(x)] =log(a) +b-log(x)

f(x)=a-e’* = In[f(x)]=mn(a)+b-x
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Weighted Least-Squares

=) wilyi = fG)I?
=1
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Example: | y=a+b-x

x* = Z wily; — (@a+ b - x)]? with the weight given by the individual errors  W; = 1

n
O'iz
=1
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Appendix

Assume we have data points that lie on a straight line:
y=a+ fx
Prev10usly we showed that the solution for « and /3 Is:

S 3aF - Sxy 3 n3 %y 3% S
a=z1z1 i=1 i=1 andﬁ_;l ;1;1
nyx —(3x) ~(3x)?

i=1 i=1 i=1 i=1

use the Propagation of Errors technique to estimate o, and o

5 y)
oé=o§(§f) +o§(?§] +20xy((f§)(ig]

Assumed that each measurement is independent of each other:

b, 2
=% +o§(f§]
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We can find the variance in the slope (f) using exactly the same proZCedure:
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Ivities

Radioactive Decay Act
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Radioactive Decay Activities

y 55Cs137
— —t/T - +
N=N,-e 30.17 a \ "
¢ / 94,
InN =InN, — &, oL
0 T & ’Ci 56Ba137m
w’\/ >55m 0.6617 11/2-
,-;?@
y=a+ bt withy=In(N),a=In(N0)andb=-1/t “‘Sﬁ? 0.6617 MeV'y
DS sepalar o s
stable

uncertainty of decay counts N (Poisson): oy = VN

At time progresses, N, is getting smaller and smaller.
What is the uncertainty of In(N) ?

OmN = TN GN:W_\/_N
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The Background Radiation

Background radiation is the radiation constantly present in the natural environment of the Earth which
Is emitted by natural and artificial sources (D = N)

D'=D+Dy = D=D*-Dj

Sources in the Earth

Sources from outer space, such as cosmic rays
Sources in the atmosphere, such asthe radon
gas released fromthe Earth‘s crust

Y VYV

Attention: Error Propagation !
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dN
dt

dN
dt

Representation of Decay Curve

0.2

0.8
0.6

0.4

B 0 45 20 25 30
t/s
10;
s
sf\ =14 s
f
L
0:1 i L L L L1 i L
0 10 15 20 25 30

't/s

N = N, - et
dN
= —N.:-1-e Mt
dt 0 ¢
lifetime: T = 1/)L

Binning of a data set is a pre-processing technique for
data smoothing .

The content of 10 original channels is now contained
in 1 new channel
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dN/dt
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Representation of Decay Curve
The maximum likelihood estimate of the lifetime t

dN .
E :-No*l*e At

decay constant X=100 ms™

0.006 0010 0015 0020 00256 0030 0035 0.040

t [ms]

o=tnt > =1 dt=tdo
dt  t

Z—Ig:—NO-A-t-e‘“

Z—g=—NO-)l-e®-e_’1'e®

x1073

dN/dén(t)

dN inlt), . -dkeexplinit)
it Noxhxe™ xe
36
30
25 F
20F
15 F
1.0
-70 -85 -60 -6B -50 -4B5 -40 -35 -3.0

nlt) [ms]

example: Inz=-4.61

3;’\: =-N, -/1-[e‘a o7 1 g% -(—ﬂ-e@)]z 0
3;’\: =—N,-1-e%.e* -[1—/1~e®]:0

= 1-1-¢°=0 = 0O, =hr

K.H.Schmidt, Z.Phys. A316 (1984), 19
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Representation of Decay Curve
The maximum likelihood estimate of the lifetime t
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Representation of Decay Curve
The maximum likelihood estimate of the lifetime t

no. t (ms)
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average value: 2.0 ms
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Logarithmic decay-time distribution of 5 events observed in the o decay of 271110 with
alpha energies close to 10.74 MeV. Data are taken from S.Hofmann, Rep.Prog.Phys.
61(1998), 639. The curve shows the logarithmic decay-time distribution (t=2.3 ms). The
units on the ordinate are arbitrary.
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