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for even-even nuclei

Broad perspective on structural evolution:
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The Euler angles

It is important to recognize that for nuclei the intrinsic reference frame can  
have any orientation with respect to the lab reference frame as we can hardly 
control orientation of nuclei (although it is possible in some cases).

One way to specify the mutual orientation of two reference frames of the  
common origin is to use Euler angles.

(x, y, z) axes of lab frame
(1,2,3) axes of intrinsic frame

The rotation from (x,y,z) to (x´,y´,z´) 
can be decomposed into three parts: 
a rotation by     about the z axis to 

, a rotation of θ about the 
new y axis to                   , and
finally a rotation of ψ about the new 
z axis . 

φ
( )zyx ′′′′′′ ,,

( )y ′′ ( )zyx ′′′′′′′′′ ,,

( )z ′′′
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Quantization

nspermutatio cyclic and   ],[    :axes  laboratory zyx JiJJ h=

nspermutatio cyclic and   ],[    :axes  fixedbody 321 JiJJ h−=

zyxkJJ k ,,     0],[  2 ==

0],[       3,2,1     0],[  3
2 === JJiJJ zi

)1(          :numbers quantum 22 +→→ IIJMJ z hh

)1(          :numbers quantum 22
3 +→→ IIJKJ hh

>KMI ,,|   :states

𝐽𝐽𝑥𝑥 , 𝐽𝐽𝑦𝑦 = 𝑖𝑖 � ℏ � 𝐽𝐽𝑧𝑧

𝐽𝐽𝑧𝑧 ⟶ ℏ � 𝑀𝑀 𝐽𝐽2 ⟶ ℏ2 � 𝐼𝐼 𝐼𝐼 + 1

𝐽𝐽3 ⟶ ℏ � 𝐾𝐾 𝐽𝐽2 ⟶ ℏ2 � 𝐼𝐼 𝐼𝐼 + 1

𝐽𝐽1, 𝐽𝐽2 = 𝑖𝑖 � ℏ � 𝐽𝐽3
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Quantization

>KMI ,,|    :seigenstate

function  Wigner −D φψ θφθψ iKI
MK

iMI
MK edeD )(),,( =

),,(
8

12,,|,,    :rotor ofn orientatiofor 

amplitudey probabilit
2/1

2 φθψ
π

φθψ I
MKDIKMI 
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Rotational motion of a deformed nucleus

States with projections K and –K are degenerated
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Particle-rotor model
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The nucleus does not have an orientation degree of freedom with respect to the symmetry axis

𝐻𝐻𝑟𝑟𝑟𝑟𝑟𝑟 =
ℏ2

2ℑ0
𝐼𝐼1 − 𝑗𝑗1 2 + 𝐼𝐼2 − 𝑗𝑗2 2

𝑅𝑅 = 𝐼𝐼 − 𝚥𝚥

𝐼𝐼± = 𝐼𝐼1 ± 𝑖𝑖 � 𝐼𝐼2 𝑗𝑗± = 𝑗𝑗1 ± 𝑖𝑖 � 𝑗𝑗2

with

𝐸𝐸𝐾𝐾 𝐼𝐼 = 𝜖𝜖𝐾𝐾 +
ℏ2

2ℑ
𝐼𝐼 𝐼𝐼 + 1 − 𝐾𝐾2 + 𝛿𝛿𝐾𝐾,1/2 � 𝑎𝑎 � −1 𝐼𝐼+1/2 𝐼𝐼 + 1/2

where a is the so-called decoupling parameter

𝐻𝐻𝑟𝑟𝑟𝑟𝑟𝑟 =
ℏ2

2ℑ0
𝐼𝐼2 − 𝐼𝐼32 +

ℏ2

2ℑ0
𝑗𝑗12 + 𝑗𝑗22 − 𝑗𝑗32 −

ℏ2

2ℑ0
𝑗𝑗+𝐼𝐼− + 𝑗𝑗−𝐼𝐼+
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γ-rays from a deformed band in 181Ta

I → I-2
I → I-1
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Nuclear level scheme of 181Ta
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Nilsson diagram of 181Ta

N=108

73

7/2+[404]9/2-[514]
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Coriolis band mixing calculation for the 7/2+[404] band in 181Ta

T. Inamura et al., Nucl. Phys. A270 (1976) 255

The Hamiltonian Hrot is the diagonal part of the rotational Hamiltonian. Tha eigenvalues 
are assumed to be given by

𝐸𝐸𝐾𝐾 𝐼𝐼 = 𝜖𝜖𝐾𝐾 +
ℏ2

2ℑ
𝐼𝐼 𝐼𝐼 + 1 − 𝐾𝐾2 + 𝛿𝛿𝐾𝐾,1/2 � 𝑎𝑎 � −1 𝐼𝐼+1/2 𝐼𝐼 + 1/2

Off-diagonal terms are given by the Coriolis matrix elements

𝑉𝑉𝐾𝐾+1,𝐾𝐾 = −
ℏ2

2ℑ
𝐼𝐼 − 𝐾𝐾 𝐼𝐼 + 𝐾𝐾 + 1 � 𝐾𝐾 + 1 𝑗𝑗+ 𝐾𝐾
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Reduced transition probability

expectation value

wave function

( ) ( )332121332121
3

2

||
12

8
3

33

2

22

1

11
MIMMIIMIMMII

I
dDDD I

MM
I

MM
I

MM ′′′⋅⋅
+

=′′′∫∫∫
πτ

Ψ𝐼𝐼𝐼𝐼𝐾𝐾 =
2𝐼𝐼 + 1
16 � 𝜋𝜋2

� 𝐷𝐷𝐼𝐼𝐾𝐾𝐼𝐼 � Χ𝐾𝐾 + −1 𝐼𝐼−𝐾𝐾𝐷𝐷𝐼𝐼−𝐾𝐾𝐼𝐼 � Χ−𝐾𝐾

𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓𝐾𝐾 �𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝑖𝑖𝑀𝑀𝑖𝑖𝐾𝐾 =

2𝐼𝐼𝑖𝑖 + 1 2𝐼𝐼𝑓𝑓 + 1

8 � 𝜋𝜋2
�𝐷𝐷𝐼𝐼𝑓𝑓𝐾𝐾

𝐼𝐼𝑓𝑓 Χ𝐾𝐾 �
𝑚𝑚′=0

𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝜆𝜆 �𝑀𝑀𝜆𝜆𝑚𝑚𝑚
𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟 𝐷𝐷𝐼𝐼𝑖𝑖𝐾𝐾

𝐼𝐼𝑖𝑖 Χ𝐾𝐾𝑑𝑑𝜏𝜏

𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓𝐾𝐾 �𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝑖𝑖𝑀𝑀𝑖𝑖𝐾𝐾 =

2𝐼𝐼𝑖𝑖 + 1
2𝐼𝐼𝑓𝑓 + 1

� 𝐼𝐼𝑖𝑖𝜆𝜆𝑀𝑀𝑖𝑖 𝑀𝑀𝑓𝑓 −𝑀𝑀𝑖𝑖 𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓 � 𝐼𝐼𝑖𝑖𝜆𝜆𝐾𝐾𝜆 𝐼𝐼𝑓𝑓𝐾𝐾 � Χ𝐾𝐾 �𝑀𝑀𝜆𝜆0
𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟 Χ𝐾𝐾

�𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 = �Ψ∗ �𝑀𝑀𝜆𝜆𝑚𝑚

𝑙𝑙𝑙𝑙𝑙𝑙Ψ𝑑𝑑𝜏𝜏

�𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 = �

𝑚𝑚𝑚

𝐷𝐷𝑚𝑚𝑚𝑚𝑚
𝜆𝜆 �𝑀𝑀𝜆𝜆𝑚𝑚𝑚

𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟
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Reduced transition probability

Wigner-Eckart-Theorem (reduction of an expectation value):

special case: E2 transition I→I-2

reduced transition probability:

𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓𝐾𝐾 �𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝑖𝑖𝑀𝑀𝑖𝑖𝐾𝐾 =

2𝐼𝐼𝑖𝑖 + 1
2𝐼𝐼𝑓𝑓 + 1

� 𝐼𝐼𝑖𝑖𝜆𝜆𝑀𝑀𝑖𝑖 𝑀𝑀𝑓𝑓 −𝑀𝑀𝑖𝑖 𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓 � 𝐼𝐼𝑖𝑖𝜆𝜆𝐾𝐾𝜆 𝐼𝐼𝑓𝑓𝐾𝐾 � Χ𝐾𝐾 �𝑀𝑀𝜆𝜆0
𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟 Χ𝐾𝐾

𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓𝐾𝐾 �𝑀𝑀𝜆𝜆𝑚𝑚
𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝑖𝑖𝑀𝑀𝑖𝑖𝐾𝐾 =

𝐼𝐼𝑖𝑖𝜆𝜆𝑀𝑀𝑖𝑖 𝑀𝑀𝑓𝑓 − 𝑀𝑀𝑖𝑖 𝐼𝐼𝑓𝑓𝑀𝑀𝑓𝑓

2𝐼𝐼𝑓𝑓 + 1
� 𝐼𝐼𝑓𝑓𝐾𝐾 �𝑀𝑀𝜆𝜆

𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝑖𝑖𝐾𝐾

𝐼𝐼𝑓𝑓𝐾𝐾 𝑀𝑀 𝐸𝐸𝜆𝜆 𝐼𝐼𝑖𝑖𝐾𝐾 = 2𝐼𝐼𝑖𝑖 + 1 𝐼𝐼𝑖𝑖𝜆𝜆𝐾𝐾𝜆 𝐼𝐼𝑓𝑓𝐾𝐾 � Χ𝐾𝐾 �𝑀𝑀𝜆𝜆0
𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟 Χ𝐾𝐾

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 2𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

𝐵𝐵 𝐸𝐸𝜆𝜆; 𝐼𝐼𝑖𝑖 → 𝐼𝐼𝑓𝑓 =
1

2𝐼𝐼𝑖𝑖 + 1
𝐼𝐼𝑓𝑓𝐾𝐾 𝑀𝑀 𝐸𝐸𝜆𝜆 𝐼𝐼𝑖𝑖𝐾𝐾

2
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Odd-even nucleus: 181Ta

special case: E2 transition I→I-2

reduced transition probability:

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 2𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

𝐵𝐵 𝐸𝐸𝜆𝜆; 𝐼𝐼𝑖𝑖 → 𝐼𝐼𝑓𝑓 =
1

2𝐼𝐼𝑖𝑖 + 1
𝐼𝐼𝑓𝑓𝐾𝐾 𝑀𝑀 𝐸𝐸𝜆𝜆 𝐼𝐼𝑖𝑖𝐾𝐾

2

Q2 = 6.71(8) [b]

M. Loewe; dissertation

𝑄𝑄2 ⁄9 2−

𝑄𝑄2 ⁄7 2+
= 𝜆.9681 ± 𝜆.𝜆𝜆𝜆2
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Matrix elements

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 2𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

𝐼𝐼 − 1,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 = −
5

16𝜋𝜋
�

3 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 � 𝐾𝐾2

𝐼𝐼 − 1 � 𝐼𝐼 � 𝐼𝐼 + 1
� 𝑄𝑄2𝑒𝑒

𝐼𝐼,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 = −
5

16𝜋𝜋
�

2𝐼𝐼 + 1
2𝐼𝐼 − 1 � 𝐼𝐼 � 𝐼𝐼 + 1 � 2𝐼𝐼 + 3

� 𝐼𝐼2 − 3𝐾𝐾2 + 𝐼𝐼 � 𝑄𝑄2𝑒𝑒
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Odd-even nucleus: 181Ta

𝐼𝐼 − 1,𝐾𝐾 𝑀𝑀 𝑀𝑀𝑀 𝐼𝐼,𝐾𝐾 = −
3

4𝜋𝜋
𝐼𝐼 + 𝐾𝐾 𝐼𝐼 − 𝐾𝐾

𝐼𝐼
� 𝐾𝐾 � 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 1 + 𝛿𝛿𝐾𝐾,1/2 −1 𝐼𝐼+1/2𝑏𝑏0 𝜇𝜇𝑁𝑁

The quantity b0 depends on the magnetic decoupling parameter

gK –gR = 0.469(6)

gK = 0.782(2)
gR = 0.313(5)

M. Loewe; dissertation

𝜇𝜇 ⁄7 2+ = 2.37𝜆5 ± 𝜆.𝜆𝜆𝜆7

𝜇𝜇 =
𝐾𝐾

𝐼𝐼 + 1
� 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 � 𝐾𝐾 + 𝑔𝑔𝑅𝑅 � 𝐼𝐼

𝜇𝜇 ⁄9 2− = 5.28 ± 𝜆.𝜆9

⁄9 2− 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 =
22
81

⁄9 2−𝜇𝜇 − ⁄7 2+𝜇𝜇
9
7

+ ⁄7 2+ 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅
7
2

⁄9 2− 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅 ≈ ⁄7 2+ 𝑔𝑔𝐾𝐾 − 𝑔𝑔𝑅𝑅
77
81

+ 𝜆.6𝜆6 = 1.𝜆52
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Odd-even nucleus: 181Ta

�13
2
+

�11
2
+

�9
2
+

�7
2
+

181Ta

0.136

0.495

0.302

0.0

𝜏𝜏 = �𝑇𝑇1/2
𝑙𝑙𝑙𝑙2

𝜏𝜏 = 23.1 ± 4.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = 57.𝜆 ± 2.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 𝜆𝜆 + 𝛿𝛿𝑁𝑁→𝐾𝐾2 𝜆𝜆
−1

𝜀𝜀𝑁𝑁→𝐼𝐼2 ℓ = 𝛿𝛿𝑁𝑁→𝐼𝐼2 ℓ � 𝛼𝛼𝑁𝑁→𝐼𝐼 ℓ

𝛿𝛿𝑁𝑁→𝐼𝐼 𝜆𝜆 =
8𝜋𝜋 𝜆𝜆 + 1

𝜆𝜆 2𝜆𝜆 + 1 ‼ 2
1
ℏ

ℏ𝜔𝜔
ℏ𝑐𝑐

2𝜆𝜆+1 ⁄1 2

� 2𝐼𝐼𝑁𝑁 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ 𝜆𝜆 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝐼𝐼 𝐸𝐸2 = 1.225 � 𝑀𝜆13 � 𝐸𝐸𝛾𝛾5 𝑀𝑀𝑒𝑒𝑉𝑉 5 ⁄1 2 � 2𝐼𝐼𝑖𝑖 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ 𝐸𝐸2 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝐼𝐼 𝑀𝑀𝑀 = 1.758 � 𝑀𝜆13 � 𝐸𝐸𝛾𝛾3 𝑀𝑀𝑒𝑒𝑉𝑉 3 ⁄1 2 � 2𝐼𝐼𝑖𝑖 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ 𝑀𝑀𝑀 𝐼𝐼𝑁𝑁

conversion coefficient.: bricc.anu.edu.au

𝜏𝜏 = 9.1 ± 1.2 𝑝𝑝𝑝𝑝

T. Inamura et al., Nucl. Phys. A270 (1976) 255

E2 + M1

E2 + M1
E2
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Odd-even nucleus: 181Ta

�13
2
+

�11
2
+

�9
2
+

�7
2
+

181Ta

0.136

0.495

0.302

0.0

𝜏𝜏 = �𝑇𝑇1/2
𝑙𝑙𝑙𝑙2

𝜏𝜏 = 23.1 ± 4.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = 57.𝜆 ± 2.3 𝑝𝑝𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 𝜆𝜆 + 𝛿𝛿𝑁𝑁→𝐾𝐾2 𝜆𝜆
−1

𝜏𝜏 = 9.1 ± 1.2 𝑝𝑝𝑝𝑝

Spin I Eγ (MeV) (2I+1)-1/2 <I-1//M()//I> delta αT ε2 τ
(ps)

9/2 0.1365 0.3162 -3.899 (E2) -29594. 1.1 9.98·108 533

1.103 (M1) 73591 1.8 9.75·109 58.7

11/2 0.1654 0.2887 -4.291 (E2) -48238 0.6 1.33·109 274

1.413 (M1) 115044 1.0 1.38·1010 32.6

11/2 0.3017 0.2887 1.977 (E2) 99868 0.1 8.08·108 24.1
T. Inamura et al., Nucl. Phys. A270 (1976) 255

E2 + M1

E2 + M1
E2
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Oddproton-even nuclei

μ (gK-gR) B(M1)W.u. (gK-gR)
153Eu 5/2+ +1.5324(3) 0.551 0.00608(28) 0.185
159Tb 3/2+ +2.014(4) 1.556 0.173(8) 1.471
165Ho 7/2- +4.177(5) 1.012 0.275(14) 0.973
169Tm 1/2+ -0.2316(15) 0.0342(8)
175Lu 7/2+ +2.2327(11) 0.298 0.0354(14) 0.349
181Ta 7/2+ +2.3705(7) 0.352 0.068(4) 0.484
185Re 5/2+ +3.1871(3) 1.217 0.28(5) 1.252
187Re 5/2+ +3.2197(3) 1.242 0.260(18) 1.206
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Ta-nuclei: level schemes

�13
2
+

�11
2
+

�9
2
+

�7
2
+

181Ta

0.136

0.495

0.302

0.0
183Ta 185Ta 187Ta 𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 17

�15
2
+

0.717

0.965

1.239

1.539

1.863

�17
2
+

�19
2
+

�21
2
+

�23
2
+

0.006

0.159

0.338

0.543

0.773

1.028

1.307

1.609

1.933

�9
2
−

�11
2
−

�13
2
−

�15
2
−

�17
2
−

�19
2
−

�21
2
−

�23
2
−

�25
2
−

0.0

0.143

0.317

0.520

0.750

7/2+[404]

0.073

0.231

0.417

0.629

0.868

1.130

9/2-[514]

0.0

0.164

7/2+[404]
0.175

0.337

0.529

0.747

0.993

1.259

9/2-[514]

0.155

7/2+[404] 0.245

0.404

0.596

0.802

1.054

1.287

1.586

1.778
9/2-[514]

ΔK=8

𝜏𝜏 = 8.7 𝜇𝜇𝑝𝑝
𝜏𝜏 = 153 𝑙𝑙𝑝𝑝

0.0

𝜏𝜏 ≤ 7 𝑙𝑙𝑝𝑝
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187Ta level scheme

187Ta
0.0

𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 17

0.155

7/2+[404]
0.245

0.404

0.596

0.802

1.054

1.287

1.586

1.778
9/2-[514]

ΔK=8

⁄9 2+

⁄7 2+

⁄9 2−

⁄11 2−

⁄13 2−

⁄15 2−

⁄17 2−

⁄19 2−

⁄21 2−

⁄25 2−

𝜏𝜏 = 7.9 𝑝𝑝𝑝𝑝

𝜏𝜏 = 3.4 𝑝𝑝𝑝𝑝

𝜏𝜏 = 2.2 𝑝𝑝𝑝𝑝

𝜏𝜏 = 1.1 𝑝𝑝𝑝𝑝

𝜏𝜏 = 1.1 𝑝𝑝𝑝𝑝

𝜏𝜏 = 𝜆.6 𝑝𝑝𝑝𝑝

expected lifetimes

𝜏𝜏 ~ 4𝜆 𝑙𝑙𝑝𝑝

𝜏𝜏 = 𝑀𝜆.5(13) 𝑝𝑝

Sum of γγ-coincidence energy spectra

Signature splitting versus angular momentum

𝐼𝐼 → 𝐼𝐼 − 2𝐼𝐼 → 𝐼𝐼 − 1

P.M. Walker; Phys. Rev. Lett. 125 192505
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Experimental information on 189Ta
208Pb primary beam

PhD-thesis: Steven John Steer

Kα
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Experimental information on 189Ta

PhD-thesis: Steven John Steer

Eγ (keV) intensity
153.9 100(19)
283.7 73(17)
342.5 47(13)
388.7 80(19)
481.6 97(21)
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Experimental information on 189Ta

𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 17

481 154 284 389 -

389 154 284 - 481

284 154 - 389 481

343 154 199 246 -

246 154 199 - 343 370 453 481

199 154 - 389 481

154 134 154 246 343 284 389 481

134

gate

Eγ ΔEγ γ-intensity αtot intensity S.J.
Steer

T1/2 (μs)

154 3.2 149.5±14.1 100% 0.734 E1:119/E2:173 100% 1.09(4)
199 4.2 67.1±9.0 44.9±7.4 0.303 58.5±9.6
198 2.5 32.3±9.6 21.6±6.7 0.308 28.3±8.8

200.5 2.5 31.1±9.6 20.8±6.7 0.295 26.9±8.7
247.2 1.8 36.9±7.1 24.7±5.3 0.149 28.4±6.1
284.6 2.4 37.5±8.3 25.5±6.0 0.025 E1:26.1±6.2 73±22 1.16(7)
342.7 2.6 29.4±7.0 19.7±5.0 0.056 20.8±5.3 47±16
389.3 2.5 110.5±10.9 73.9±10.1 0.039 76.8±10.4 80±24 1.08(6)
481 3.2 131.6±12.5 88.0±11.8 0.022 90±12 97±28 1.12(7)

83 0.202(12) 
134 0.284(11) 

PhD-thesis: Sultan Alhomaidhi



Hans-Jürgen Wollersheim - 2023

Experimental information on 189Ta

𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 16.6

481 154 284 389 -

389 154 284 - 481

284 154 - 389 481

343 154 199 246 -

246 154 199 - 343 370 453 481

199 154 - 389 481

154 134 154 246 343 284 389 481

134

gate

PhD-thesis: Sultan Alhomaidhi
189Ta

0.0

0.154
7/2+[404]

0.439

⁄15 2− 0.828

1.309⁄19 2−
⁄23 2− 1.463

0.154

0.481

0.389

0.284

⁄9 2+

⁄7 2+

9/2-[514]

𝛼𝛼 = + ⁄1 2 𝛼𝛼 = − ⁄1 2

⁄11 2−
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Experimental information on 189Ta

𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 16.6

481 154 284 389 -

389 154 284 - 481

284 154 - 389 481

343 154 199 246 -

246 154 199 - 343 370 453 481

199 154 - 389 481

154 134 154 246 343 284 389 481

134

gate

PhD-thesis: Sultan Alhomaidhi
189Ta

0.0

0.154
7/2+[404] ⁄9 2− 0.246

⁄13 2−

⁄17 2−

0.246

0.193

⁄9 2+

⁄7 2+

9/2-[514]

𝛼𝛼 = + ⁄1 2 𝛼𝛼 = − ⁄1 2

1.042

0.343

0.453

0.439

⁄15 2− 0.828

1.309⁄19 2−
⁄23 2− 1.463

0.154

0.481

0.389

0.284

⁄11 2−
0.589
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Ta-nuclei: level schemes

187Ta
𝑦𝑦 = −6.5 ∗ 𝑥𝑥 + 17

9/2-[514]

𝛼𝛼 = + ⁄1 2 𝛼𝛼 = − ⁄1 2
ℏ2

2ℑ
= 14.3

ℏ2

2ℑ
= 13.6

ℏ2

2ℑ
= 14.1

ℏ2

2ℑ
= 13.8

189Ta
0.0

0.154
7/2+[404] ⁄9 2− 0.246

⁄13 2−

⁄17 2−

0.246

0.193

⁄9 2+

⁄7 2+

1.042

0.343

0.453

0.439

⁄15 2− 0.828

1.309⁄19 2−
⁄23 2− 1.463

0.154

0.481

0.389

0.284

⁄11 2−
0.589
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Prolate-oblate shape transition

isotope β γ

182W 0.274 11.40

184W 0.258 13.80

186W 0.223 15.90

186Os 0.196 16.50

188Os 0.185 19.20

190Os 0.184 22.30

192Os 0.168 25.20

192Pt 0.146 -

194Pt 0.134 -

196Pt 0.135 -

198Hg 0.106 36.30

200Hg 0.098 39.10

202Hg 0.082 33.40

204Hg 0.068 31.50
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Prolate-oblate shape transition

Robledo et al., J. Phys. G: Nucl. Part. Phys. 36, 115104 (2009).

0

n-rich hafnium ground states

60
γ

30

N = 116
critical point
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Band crossing prediction in 180Hf

T. Inamura et al., Nucl. Phys. A270 (1976) 255

prolate
oblate

HFB calculations

Phys. Rev. Lett. 43 (1979) 1979
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180Hf oblate band?

Tandel et al.,
Phys. Rev. Lett. 101 (2008) 182503

with Gammasphere

three 20+ states pre-Gammasphere
high-K yrast isomers:

d'Alarcao et al., Phys. Rev. C59 (1999) 1227(R)

3600
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190Hf TRS oblate rotor beyond the critical point

ħω = 0 MeV ħω = 0.15 MeV

ħω = 0.3 MeV ħω = 0.45 MeV

prolate

oblate

I=32

Xu et al., unpublished
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Hf prolate vs oblate

182Hf 186Hf

prolate

oblate

mqp
prolate

Xu et al., Phys. Rev. C62 (2000) 014301

prolate
oblate
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Nilsson single-particle diagram N = 116 (188Hf, 190W, 192Os)

oblate prolate
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Appendix: Odd-even nuclei

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 2𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

< 𝐼𝐼𝑓𝑓 𝑀𝑀 𝐸𝐸2 𝐼𝐼𝑖𝑖 > Q2 (b)
162Dy 2.32±0.02 eb 7.36±0.03
163Dy 2.31±0.02 eb 7.29±0.12
164Dy 2.38±0.01 eb 7.54±0.04
166Er 2.42±0.01 eb 7.67±0.03
167Er 2.24±0.01 eb 7.60±0.10
168Er 2.40±0.02 eb 7.61±0.06
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Appendix: Odd-even nuclei

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 2𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

𝐼𝐼 − 1,𝐾𝐾 𝑀𝑀 𝐸𝐸2 𝐼𝐼,𝐾𝐾 = −
5

16𝜋𝜋
�

3 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 � 𝐾𝐾2

𝐼𝐼 − 1 � 𝐼𝐼 � 𝐼𝐼 + 1
� 𝑄𝑄2𝑒𝑒

𝐵𝐵 𝐸𝐸2; ⁄5 2 → ⁄7 2
𝐵𝐵 𝐸𝐸2; ⁄5 2 → ⁄9 2

= 2.76 ± 𝜆.14 2.86𝑟𝑟𝑡𝑡𝑡𝑟𝑟

𝐵𝐵 𝐸𝐸2; ⁄7 2 → ⁄9 2
𝐵𝐵 𝐸𝐸2; ⁄7 2 → ⁄11 2

= 3.81 ± 𝜆.15 3.89𝑟𝑟𝑡𝑡𝑡𝑟𝑟

163Dy:

167Er:



Hans-Jürgen Wollersheim - 2023

Appendix: Odd-even nuclei

�11
2
−

�9
2
−

�7
2
−

�5
2
−

163Dy

0.073

0.282

0.167

0.0

𝜏𝜏 = 𝜆.38 ± 𝜆.𝜆7 𝑙𝑙𝑝𝑝

𝜏𝜏 = 𝜆.49 ± 𝜆.𝜆9 𝑙𝑙𝑝𝑝

𝜏𝜏 = 2.18 ± 𝜆.𝜆7 𝑙𝑙𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 ℓ + 𝛿𝛿𝑁𝑁→𝐾𝐾2 ℓ
−1

𝜀𝜀𝑁𝑁→𝐼𝐼2 ℓ = 𝛿𝛿𝑁𝑁→𝐼𝐼2 ℓ � 𝛼𝛼𝑁𝑁→𝐼𝐼 ℓ

𝛿𝛿𝑁𝑁→𝐼𝐼 ℓ =
8𝜋𝜋 ℓ + 1

ℓ 2ℓ + 1 ‼ 2
1
ℏ

ℏ𝜔𝜔
ℏ𝑐𝑐

2ℓ+1 ⁄1 2

� 2𝐼𝐼𝑁𝑁 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ ℓ 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝐼𝐼 𝐸𝐸2 = 1.225 � 𝑀𝜆13 � 𝐸𝐸𝛾𝛾5 𝑀𝑀𝑒𝑒𝑉𝑉 5 ⁄1 2 � 2𝐼𝐼𝑖𝑖 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ 𝐸𝐸2 𝐼𝐼𝑁𝑁

𝛿𝛿𝑁𝑁→𝐼𝐼 𝑀𝑀𝑀 = 1.758 � 𝑀𝜆13 � 𝐸𝐸𝛾𝛾3 𝑀𝑀𝑒𝑒𝑉𝑉 3 ⁄1 2 � 2𝐼𝐼𝑖𝑖 + 1 − ⁄1 2 � 𝐼𝐼𝐼𝐼 ℳ 𝑀𝑀𝑀 𝐼𝐼𝑁𝑁

conversion coefficient.: bricc.anu.edu.au
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Appendix: Odd-even nuclei

�11
2
−

�9
2
−

�7
2
−

�5
2
−

163Dy

0.073

0.282

0.167

0.0

𝜏𝜏 = 𝜆.49 ± 𝜆.𝜆9 𝑙𝑙𝑝𝑝

𝜏𝜏 = 2.18 ± 𝜆.𝜆7 𝑙𝑙𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 ℓ + 𝛿𝛿𝑁𝑁→𝐾𝐾2 ℓ
−1
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Appendix: Odd-even nuclei

�13
2
+

�11
2
+

�9
2
+

�7
2
+

167Er

0.079

0.295

0.178

0.0

𝜏𝜏 = 𝜆.38 ± 𝜆.𝜆7 𝑙𝑙𝑝𝑝

𝜏𝜏 = 𝜆.49 ± 𝜆.𝜆9 𝑙𝑙𝑝𝑝

𝜏𝜏 = 2.18 ± 𝜆.𝜆7 𝑙𝑙𝑝𝑝

𝜏𝜏 = �
𝐾𝐾

�
ℓ

𝜀𝜀𝑁𝑁→𝐾𝐾2 ℓ + 𝛿𝛿𝑁𝑁→𝐾𝐾2 ℓ
−1

Spin I Eγ (MeV) (2I+1)-1/2 <I-1//M()//I> delta αT ε2 τ (ns)

7/2 0.0734 0.3536 -3.886 (E2) -7019.1 8.9 4.38·108 2.05

0.108 (M1) 3183.7 5.7 5.78·107 1.80

9/2 0.0939 0.3162 -4.002 (E2) -11968 3.4 4.87·108 1.59

0.153 (M1) 5837.1 2.9 9.88·107 1.31

0.167 0.3162 2.299 (E2) 29133 0.4 3.65·108 0.51



Hans-Jürgen Wollersheim - 2023

Appendix: Spherical harmonics

( )
π

φθ
4
1,00 =Y

( ) ( )1cos3
16
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20 −⋅⋅= θ

π
φθY

( ) φθθ
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φθ ieY ±
± ⋅⋅⋅= cossin

8
15,12 m
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φθ ieY ±
± ⋅⋅⋅= sin
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1,11 m

( ) ( )θθθ
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φθ 23
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16
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