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Nuclear rotation
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Collective rotation

S. Raman et al., Atomic Data & Nuclear Data Tables 78, 1
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How do nuclei rotate?
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symmetry axis

The nucleus rotates as a whole. 
(collective degrees of freedom)

The nucleons move independently
inside deformed potential (intrinsic degrees of freedom)

The nucleonic motion is much faster
than the rotation (adiabatic approximation)
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Oblate and prolate quadrupole deformation

Choosing the vertical axis as the 3-axis one obtains the oblate by R1 = R2 > R3
and the prolate by R1 = R2 < R3 axially-symmetric quadrupole deformations

prolate deformation (β>0)
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oblate deformation (β<0)

𝛼𝛼20 = 𝛽𝛽 � 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼22 = 𝛼𝛼2−2 =
1
2
� 𝛽𝛽 � 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐

Hill – Wheeler introduced the (β, γ) - parameters
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Nuclear deformation

( ) ( )







⋅+⋅= ∑ ∑

+

−=λ
λµ

λ

λµ
λµ φθαφθ ,1, *

0 YRR

00=γfor
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The Euler angles

It is important to recognize that for nuclei the intrinsic reference frame can  
have any orientation with respect to the lab reference frame as we can hardly 
control orientation of nuclei (although it is possible in some cases).

One way to specify the mutual orientation of two reference frames of the  
common origin is to use Euler angles.

(x, y, z) axes of lab frame
(1,2,3) axes of intrinsic frame

The rotation from (x,y,z) to (x´,y´,z´) 
can be decomposed into three parts: 
a rotation by     about the z axis to 

, a rotation of θ about the 
new y axis to                   , and
finally a rotation of ψ about the new 
z axis . 

φ
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Quantization

nspermutatio cyclic and   ],[    :axes  laboratory zyx JiJJ h=

nspermutatio cyclic and   ],[    :axes  fixedbody 321 JiJJ h−=
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)1(          :numbers quantum 22 +→→ IIJMJ z hh

)1(          :numbers quantum 22
3 +→→ IIJKJ hh

>KMI ,,|   :states

𝐽𝐽𝑥𝑥 , 𝐽𝐽𝑦𝑦 = 𝑠𝑠 � ℏ � 𝐽𝐽𝑧𝑧

𝐽𝐽𝑧𝑧 ⟶ ℏ � 𝑀𝑀 𝐽𝐽2 ⟶ ℏ2 � 𝐼𝐼 𝐼𝐼 + 1

𝐽𝐽3 ⟶ ℏ � 𝐾𝐾 𝐽𝐽2 ⟶ ℏ2 � 𝐼𝐼 𝐼𝐼 + 1

𝐽𝐽1, 𝐽𝐽2 = 𝑠𝑠 � ℏ � 𝐽𝐽3
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Quantization
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Rotational motion of a deformed nucleus

States with projections K and –K are degenerated
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If the total angular momentum results only from the rotation (J = R), one obtains for the rotational 
energy of an axially symmetric nucleus by
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orientation degree of freedom with 
respect to the symmetry axis3
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Note the characteristic, repeated patterns

Broad perspective on structural evolution:

neutron number
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γ-rays from a superdeformed band in 152Dy
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Rotational motion of a deformed nucleus

kinematic moment of inertia
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Rotational frequency
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Moment of inertia
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Moment of inertia

rigid

irrotational
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Reduced transition probability
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Reduced transition probability
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Wigner-Eckart-Theorem (reduction of an expectation value):
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special case: E2 transition I→I-2

reduced transition probability:

𝐼𝐼𝑓𝑓0 𝑀𝑀 𝐸𝐸ℓ 𝐼𝐼𝑖𝑖0 = 2𝐼𝐼𝑖𝑖 + 1 � 𝐼𝐼𝑖𝑖ℓ00 𝐼𝐼𝑓𝑓0 � 𝜒𝜒0 �𝑀𝑀ℓ0
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜒𝜒0

𝐼𝐼 − 2,0 𝑀𝑀 𝐸𝐸𝐸 𝐼𝐼, 0 =
3 � 𝐼𝐼 � 𝐼𝐼 − 1
2 � 𝐸𝐼𝐼 − 1

� 𝜒𝜒0 �𝑀𝑀2,0
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜒𝜒0

𝐵𝐵 𝐸𝐸ℓ; 𝐼𝐼𝑖𝑖 → 𝐼𝐼𝑓𝑓 =
1

2𝐼𝐼𝑖𝑖 + 1
𝐼𝐼𝑓𝑓0 𝑀𝑀 𝐸𝐸ℓ 𝐼𝐼𝑖𝑖0

2

𝐵𝐵 𝐸𝐸𝐸; 𝐼𝐼 → 𝐼𝐼 − 2 =
3 � 𝐼𝐼 � 𝐼𝐼 − 1

𝐸𝐼𝐼 + 1 � 2 � 𝐸𝐼𝐼 − 1
� 𝜒𝜒0 �𝑀𝑀2,0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜒𝜒0
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Electric fields of multipoles
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In general the electric potential due to
an arbitrary charge distribution is

expansion
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special case: electric quadrupole matrixelement

( ) ( ) ( ) '',''', ** τϕϑρ dYrrmM mp l
ll ⋅⋅= ∫∫∫

multipole moments

𝜌𝜌𝑝𝑝 𝑟𝑟′ =
3 � 𝑍𝑍 � 𝑒𝑒

4 � 𝜋𝜋 � 𝑅𝑅03

𝑀𝑀∗ ℓ = 2,𝑚𝑚 = 𝜌𝜌𝑝𝑝 𝑟𝑟′ �𝑟𝑟′2𝑟𝑟′2𝑑𝑑𝑟𝑟′𝑌𝑌2𝑚𝑚∗ 𝜗𝜗′,𝜑𝜑′ 𝑑𝑑Ω′

𝑀𝑀∗ ℓ = 2,𝑚𝑚 =
𝜌𝜌𝑝𝑝 𝑟𝑟′

5
� 𝑅𝑅0 1 + 𝛽𝛽2𝑌𝑌20 5𝑌𝑌2𝑚𝑚∗ 𝑑𝑑Ω′

𝑀𝑀∗ ℓ = 2,𝑚𝑚 ≅
𝜌𝜌𝑝𝑝 𝑟𝑟′

5
� 𝑅𝑅05� 1 + 5 � 𝛽𝛽2𝑌𝑌20 𝑌𝑌2𝑚𝑚∗ 𝑑𝑑Ω′

𝑀𝑀∗ ℓ = 2,𝑚𝑚 =
3 � 𝑍𝑍 � 𝑒𝑒 � 𝑅𝑅02

4 � 𝜋𝜋
� 𝛽𝛽2

𝑈𝑈 𝑟𝑟 = �
𝜌𝜌𝑝𝑝 𝑟𝑟′
𝑟𝑟 − 𝑟𝑟′

𝑑𝑑𝜏𝜏′
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Reduced transition probability

[ ] [ ] ( )[ ]22513 ;210225.11 beIIEBMeVE
s fi →⋅⋅⋅= γτTransition probability:

2ln2/1 ⋅=τT

( )[ ] ( ) [ ] [ ]{ } 1521422 110161.8;2
−− ⋅⋅+⋅⋅=→ sMeVEbeIIEB

iI
E
Tfi τα γ

half-life:

Weisskopf estimate:
( ) [ ]223/461094.5;2 beAIIEB gsi ⋅⋅=→ −
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Hydrodynamical model

Reduced transition probability: ( ) 2
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L. Grodzins. Phys.Lett. 2,88 (1962)
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Hydrodynamical model

Reduced transition probability: ( )
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Appendix: Matrixelements

𝐼𝐼 − 2,𝐾𝐾 𝑀𝑀 𝐸𝐸𝐸 𝐼𝐼,𝐾𝐾 =
15

32𝜋𝜋
�

𝐼𝐼 + 𝐾𝐾 − 1 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 − 1 � 𝐼𝐼 − 𝐾𝐾
𝐼𝐼 − 1 � 𝐸𝐼𝐼 − 1 � 𝐼𝐼

� 𝑄𝑄2𝑒𝑒

𝐼𝐼 − 1,𝐾𝐾 𝑀𝑀 𝐸𝐸𝐸 𝐼𝐼,𝐾𝐾 = −
5

16𝜋𝜋
�

3 � 𝐼𝐼 + 𝐾𝐾 � 𝐼𝐼 − 𝐾𝐾 � 𝐾𝐾2

𝐼𝐼 − 1 � 𝐼𝐼 � 𝐼𝐼 + 1
� 𝑄𝑄2𝑒𝑒

𝐼𝐼,𝐾𝐾 𝑀𝑀 𝐸𝐸𝐸 𝐼𝐼,𝐾𝐾 = −
5

16𝜋𝜋
�

𝐸𝐼𝐼 + 1
𝐸𝐼𝐼 − 1 � 𝐼𝐼 � 𝐼𝐼 + 1 � 𝐸𝐼𝐼 + 3

� 𝐼𝐼2 − 3𝐾𝐾2 + 𝐼𝐼 � 𝑄𝑄2𝑒𝑒
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Appendix: Spherical harmonics
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