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Quadrupole deformation (A=2)

RO.6)=R, |1+ S, Y, (6,6)

2=0 u=—4

There are five independent real parameters,

@ 0, indicates the stretching of the 3-axis with respect to the 1- and 2-axes
@ 0,, determines the difference in length between the 1- and 2-axes

@ three Euler angles, which determine the orientation of the principle axis system (1,2,3)
with respect to the laboratory frame (X,y,z)

Hill - Wheeler introduced the (B, y) — parameters:

-
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Quadrupole deformation (A=2)

R(0,6) =R {1+ 5-c087 Yo0.9)4 - -5 7-al6.0)+Y, 0.9
R(0,4)=R, 1+,8 \/7[005;/ 3.cos? 0 — 1)+f .sin y-sin? - c032¢]}

Consider the nuclear shapes in the principal axis system (1, 2,3)=(x",y’, 2")

T 5 .
Rl-RX,-R(E,oj—RO-{u S cosy s y]}
T T 5 :
ot oo
R, =R, =R(0,0)=R, -{1+,B-‘/i-2-0057/}
167

R.(6,¢)= RO.{1+ﬁ-\/g.cos(y—%j} for k=1,2,3

Hans-Jurgen Wollersheim - 2022 I N




(B,y) coordinates

R.(0,¢)= RO-{1+,B-\/g-cos(y—%j} for k=1,2,3

@ At y = 0° the nucleus is elongated cos [y—2nk/3]
along the z"axis, but the x"and y axes A

are equal (prolate shape for x'=y") 1-
@ As we increase v, the x"axis grows at
the expense of the y"and z axes through
a region of triaxial shapes with three
unequal axis, until axial symmetry is
again reached at y = 60°, but now with
the z"and x"axis equal in length. These
two axes are longer than the y“axis
(oblate shape for x'=2")

@ This pattern is repeated: every 60°
axial symmetry repeated and prolate 14
and oblate shapes alternate. \j y axis, k = 2

Z axis x axis
k=3

i » ¥
300° &6[}"
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(B,y) coordinates

The (B,y) plane is divided into six
equivalent parts by the symmetries:

The sector 0° and 60° contains all
shapes uniquely, i.e. triaxial shapes

The types of shapes encountered along
the axis: e.g. prolate X" =y implies
prolate shapes with the z"axis as the long
axis and the two other axis x"and y“equal.

y = 180° < oblate x = y

|:> various nuclear shapes — prolate or oblate — in the (B,y) plane are repeated every 60°.
Because the axis orientations are different, the associated Euler angles also differ.

In conclusion, the same physical shape (including ist orientation in space) can be
represented by different sets of deformation parameters (f,y) and Euler angles!
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Collective excitation

Rotational (deformed):

_ E(4%) ] E(2*) = 10/3

Vibrational (spherical):

En:n'th

~ E@4Y)/E@QY) =2

V‘

4+ 1289
2% 625
0F 0
108'[@3
E(4"
( +) = 2.1
E(2")

4+ 390
2% 126
0r 0
160E r
3.1

Hans-Jurgen Wollersheim - 2022



Classical collective Hamiltonian of Bohr-Mottelson for quadrupole deformation

3

1 o2 1 I 1 2
Heon = Tyip + Trot + Veou = Ez B}{la}{ul + EZ SEWp + Ez C}{la}{ul
Au k=1 Au

Quadrupole (A=2) motion
1 . 1 1
H =B (§2+ 277 + EZS W +5C

where (B, v) parameters have been used.

VA

Spherical

Potential

Deformed
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Irrotational flow moment of inertia

J. =4Bp%sin*(y —120°)

J. =4Bf*sin>(y — 240°)

Moments of inertia (h?/MeV)

J, =4BB%sin*(y)

~Bohr

I = 4BB%sin*(y — k2n/3) k =s,i,lork =1,2,3

—
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Nuclear Triaxiality

Bohr collective Hamiltonian

2 .?1? 2 g™

—

V=V(B,y), and g2 1040 A2
B4 08 3,3 i
1 0 B = 7
where A2 = — sin3y— + Z 5 k
~ sin3y dy dy  +— 4sin”(y — 27k/3)

W gV i
K=2

mix

/

2+

K=0
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2," energy and estimate of y-deformation parameter

rigid triaxial rotor model

E(2,) 3+4/9-8-sin%(3y)
E(2,) 3-.9-8-sin?(3y)

> 2

Davydov and Filippov, Nucl. Phys. 8, 237 (1958)

% e 50 100 12.50 150 17.50 200 22.5° 250 27.5° 300

E@)E@R) | 333 | 333 3.32 331 | 328 | 321 | 312 | 299 | 284 | 272 | 267

E(6,)/E(2,) 7.00 7.00 6.94 6.85 6.69 6.42 6.07 5.69 5.36 5.09 5.00

E(8)/E(2,) 12.00 | 11.97 11.83 11.56 1111 10.48 9.78 9.13 8.55 8.15 8.00

E(10,)/E(2) | 1833 | 1831 | 17.01 16.42 1430 | 1331 | 1247 11.67
E(2,)/E(2,) w | 6516 | 1594 | 10.04 | 685 | 495 | 373 | 293 | 241 | 210 | 200
E(4,)/E(2,) w | 6750 | 1828 | 1241 | 927 | 744 | 636 | 576 | 551 | 554 | 567
E(6,)/E(2,) w | 7117 | 2200 | 1620 | 1319 | 1157 | 1075 | 10.39 | 1026 | 10.12 | 10.00
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Prolate — oblate shape transition

rigid triaxial rotor model

Q,(2,) _ 6-cos(3y)
Q, 7-4/9-8-sin?(3y)

Davydov and Filippov, Nucl. Phys. 8, 237 (1958)

Q.0) I-21-1) (1M (E2)]r)
_\/(I +1)-

Q, (21 +1)-(21+3) (2[M(E2)[o,)

Y 00 100 150 200 | 2250 | 250 | 27.50 | 300
Q.(2)/Q, | -0.28 | -0.28 | -0.27 | -0.25 | -0.22 | -0.18 | -0.10 | 0.0

/2
soft asymmetric rotor model: 7 = Ve = \/FZ +7,  with T = {<O‘(y — 7% )2‘0>}1 U= 5
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Prolate — oblate shape transition

% If Kis a good guantum number

2
o8 ?j{"_ l]f‘; s ;;’ 20 ()
7
Sign change for | = 2:
K=0cl.K=2

(27llE2127) (eb)

J.M. Allmond; PRC 88, 041370R (2013)
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2," B(E2)-values and estimate of y-deformation parameter

rigid triaxial rotor model

1_ 3—2sin?(3y)
B(E22, >0)  9-8sin?(3y) r
. - a2 .
B(E2;2, — 0) 14 3—2sin“(3y) 3.
\/9—8sin2(3y)
2+
20 sin®(3y)
B(E22, >2,) 7 9-8sin’(3y) 0
. o  9ein 2
B(E22, »0) . 3-2sin’(3y) 196pt
J9-8sin?(3y)

Y 00 50 100 150 200 250 300
B(E2;2,—0)/B(E2;2,—0) | 0 |.0075| .0288 | .0560 | .0718 | .0445 0
B(E2;2,—0)/B(E2;2,—0) | 0 |.0111 | .0525 | .1510 | .3826 | .9058 1.43
B(E2;2,—2)/B(E2;2,-0) | 1.43 | 1.49 | 1.70 2.70 5.35 20.6 0
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Triaxiality and y-softness in 1°°Pt

2%8pp beam . %Pt target

150> 208pp —s 196pt
4.8 AMeV
position-sensitive
parallel plate counter
879<0,;,;<93°

(Doppler correction)

Intensity

75%<0,,,,<150°

101k
300 400 500 600 700 800 900

A. Mauthofer et al., Z.Phys. A336, 263 (1990) E (keV)
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Level scheme of 196pt

B Coulomb
excitation g-band
sl 95Pt(n,y) 0 (10;") (~band
(8,") (8,%)
8" 8,
— 62+ 62+
3
Z 51: . By
Ll 61 B
B 4yt 4,*
3 3¢
1_ 411- ‘14
2," 2,"
N 2 2¢
0 0,
0k

A. Mauthofer et al., Z.Phys. A336, 263 (1990)
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Level scheme of 196pt

Comparison with Comparison with
rigid asymmetric rotor model soft asymmetric rotor model

n L1
e, P )
Ll L

il by

3
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Spin dependence of the spectroscopic quadrupole moment

Q) [T — (iMeal)
Q  V(1+1)-(21+1)-(21+3) (2 M(E2)0,)
_3.Z-RZ )
Qo = 3-87(7) [b] Qo = \/ao IB ﬂ = 0.135(2)
0.4 : . : . ; : ; 8, —--——-
03l )
0.2_— - B e _ 81+ ! n
o1] I.:_“"?-——-.___. (=35¢ ] 6," -
" B s, 35l
gj ! P e :=27.Q5 6, n 5"
A i s ..
G g2t T — 1=20° .
03l NS~ — (=150 | i n !
L 4 22* _@_
T ]
051 ground band 1 2¢ n
_0'80 2 4 6 sls 100 0,

Spin [

A. Mauthofer et al., Z.Phys. A336, 263 (1990)
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Transition quadrupole moment in the y-band

(21 -2)-(21 -1)-1

167
Qt(lz):\/&(l +1),(| _|_2).(| —2)-(| —3) \/ 3)

u=0.4 soft ARM
s _ _
% H=03 rigid ARM
\/

s
=0.0
ok S
<]
.1 {=32.5°
196Pt
1L _
0 | | | |
2 L 6 8 10

Spin [

A. Mauthofer et al., Z.Phys. A336, 263 (1990)

{1.-2M(E2)h,)

8,) —- -
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B(E2)-values connecting the y- and gs-band

O

o

o
T

0.06

0.04

0.02

B(E2 1,->I,=1,-2) / B(E2,2,->0,)

O
o
o

o o1

BE2,I,->I=1,) / BIE2,2,->0,)

B(E2;2, »0)

1

 3-2sin%(3y)

J9-8sin?(3y)

B(E2;2, — 0)

1

=2
, 3-2sn’(3)

J9-8sin?(3y)

A. Mauthofer et al., Z.Phys. A336, 263 (1990)

Spin |

20 sin*(3y)
B(E2:2, >2,) _ 7 9-8sin’(3y)

B(E22, »0) , 3-2sin’(y)

\/9—-8sin?(3y)

10
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Interpretation of the collective properties in 196Pt

14 energy levels and 22 E2 matrix elements can be described by the soft asymmetric rotor model
assuming the following parameters:

h?/ _ _ _ a9 0 _
43_40.2 ke  B=0135 =325 4=0.35

a 196 =600
2 -'IBPt ! =,B°COS]/

0.3

0.2 . N

0.1

P.O. Hess et al. J.Phys. G7 (1981), 737

®
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Potential energy surfaces of the chain of isotopes

a, = [-Ccosy

182

|
general collective model

o P.O. Hess et al. J. Phys. G7 (1981), 737

®
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Triaxial Rotor Model

3300 |- 12+ 3211 —
+
3000 |- 11* 2956 1 | PASEIIR i _
12:278] —_— 10* 2772 e
2700 |- 10* 2625 " .
9 none + 9" none
2400 - 9+ 2317 10* 2357 107 2419 _
— 10 2170 +
2100 - 1922068 g* 2016 8* 1980 £ 2000 L 7+ 1968 ]
= " 7% none g+ 1836 —
E 1800 - yARVEY i 7t 1686 8" 1666 gt 1708 7+ 1713 6+ 1645 |
o 500l 1401 m!* = § 1515 ¢+ 4495 1516 6 1474 5+ 1446 [ L SR
1200 et | s+ 11g) 128 5* 1204 4+ 1163 5* 1144 i
B + | 6* 1050 —2° 6" 1089 4* 1070
 — | &t o940 4%_966 | 4*_ 0955 T o
+
000 |- & 860 =0 | 3790 | 3* 756 ' 3+ 690 L]
600 - . L g o | 4* 548 2* 558 | 4 580 73 -
4434 P | 2480
R g 186 + 188 2187 190 2206 192 7
L Os| & |"™0s | |"0s]|o= |7°0s| |

Hans-Jurgen Wollersheim - 2022 I N



Spectroscopic qguadrupole moments in the ground state band of  -isotopes

Q1) _ J 2i-y  (IME)])
Q, (1+1)-(21 +1)-(21 +3) (2,|M(E2)|o,)

0.3 T T T I T T T L T T T T T T T T T T T T T
02| 1t i 190 i 192 _
- Os - Os
\\. \\
01t r 1F ‘. T ———- e85 T 1=36°
S m =325° { | S — y=825°
o 00 4F 4 + 1=30° - 1=30° -~
< =275 {1 e 1=27.5
= -01- - 1+ 1=25° - L I m———- 1=25°
o 7=225° | | /’i 1=225° |
02} 1F 1t T=20° 4 1=20°  +
08 1r 1P s s el N 5
-0.4 4 F =4 F =10° 1 F =10° -
1=0° 1=
0 2 4 6 8 00 2 4 6 8 0 0 2 4 6 5 00 2 4 6 8 10
Spin | Spin 1 Spin | Spin |
C.Y.Wu, D. Cline et al.; Ann. Rev. Nucl. Part Sci 36 (1986), 683
—
Hans-Jurgen Wollersheim - 2022 IS



Spectroscopy of  -isotopes

185Re(®He,d)'®0s A. Phillips, P.E. Garrett et al.
PR C82 034321 (2010)
KF=0" Kt=2" TR @ 40°
_ | | I
240 5 1352 keV
o o
E Il
[ 180 — Re
(-f 0| 2 3
©
o 120 -
)
(=
2
S 60- 0
0 JIL | K : wﬂ : :
0 500 1000 1500 2000

Excitation Energy (keV)
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Spect

roscopy of

-Isotopes

187Re(3He,d)!880s A. Phillips, P.E. Garrett et al.
PR C82 034321 (2010)
Kn = U+ KE - 2+ K]T' = 4+ @ 409
0+ 2+ 4+ 2+ 3+ 4+ 4+ 5+
d | | |
240 JE:' 1279 keV
D ]
C =
§ 180- =
O 0 |2
S 120 - ‘ 3
()]
- |
o
& 60
,D ] 11 | S B k... \; .L,k.. i
T ] ] |
0 500 1000 1500 2000

Excitation Energy (keV)
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Spectroscopy of  -isotopes

R.D. Bagnell,... D.G. Burke
PLB66 129 (1977)

0Ck <
191 90
Irtta)” Os 1163 keV
185 keV K-4
_ 8o} st =t =15 Mev = |
= g, =50°
5 ¢S
= 1K= F
eCk
= 1=0*
< I
v a0k i
= ' 558 kev
3 K2 K=0
=2t :4*
20k e ‘f::’jb ?{55;;5\; y
oM L l 2 h‘I.=3 ;'.L . il
i | 1 | 1 1 |
0 200 400 600 800 1000 1200

Excitation Energy (keV)
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Spectroscopy of  -isotopes

D.G. Burke et al.
PLB78 48 (1978)
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27 6= 1407 i)
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Spectroscopic guadrupole moments in the ground state band of

-Isotopes

Q.(1) \/ -(21-1) (M E2))

Q, (1+1)-(21 +1)-(21 +3) (2,|M(E2)|o,)
0.0 7=80° -
e 7=27.5°
] & [P =25 |
i F R 1=22.5° |
02 L~ ' =200 |
S 7
S
:H‘: el e | o e i - IS S 1=16°
o s |
-0.4 - 1L T=10° |
o) lesyw || ™
-0.6 ' ' - ' s , L , _ ' ' ! :
B 10 15 20 0 5 10 15 20 ] 10 15 20
Spin [ Spin |4 Spin I
Q,=7.10(38) b Q,=6.72(35) b Q,=5.87 (29) b
B=0.274-0.193 B =0.258 B =0.223
R. Kulessa et al.; Phys. Lett B218 (1989), 421 |
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Spectroscopic quadrupole moments in the gamma band of  -isotopes

(21+1)-(21 +3) (2m(E2)|0,)

Q.(1) J -(21-1) (M (E2)1)
(1+1)-

0.4

02|

0.0 |

Q.(1,)/Q,

-0.2

0.4}

-0.6

Q,=5.8 (5) b Q,=5.6 (3) b Q,=6.3 (4) b
B = 0.227 B =0.219 B = 0.239

R. Kulessa et al.; Phys. Lett B218 (1989), 421
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Collective properties in

A B(E2;2,-0,)

198 29 spu
¢ 200 25 spu
202 17 spu
204 12 spu

0
30 32 34 36 3 40 42 44
¥ (deg)

soft (u=0.3) asymmetric rotor model:

IBM — O(6) limit:

1k o
B(E2;6, >4,) 5-(N-2)-(N+86)
4B i B(E22, »0,)  3-N-(N+4)

(
2¢ - B(E2:4, »2,) 10-(N-1)-(N+5)
(

i E’—H—i | B(E2;2, »0,) 7-N-(N+4)
1k \ . boson number N =510 2

BE2,l,~1,-2)/B(E2;2,~0,)

=4 _ for Hg-isotopes with A=198 to 204
SE Wy W W@ @n a0 08 B B BE C. Gunther et al.; Z. Phys. A301 (1981), 119
mass number Y.K. Agarwal et al.; Z. Phys. A320 (1985), 295

®
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Parameter of the asymmetric rotor model

E(2,) 3+4/9-8-sin?(3y)

isotope

182y 1 0.274 | 11.4° | 11.2° | 0.17
1840 | 0.258 | 13.8° | 13.7° | 0.15
186\ | 0.223 | 15.9° | 15.8° | 0.05
1860s | 0.196 | 16.5° | 16.1° | 0.26
1880s | 0.185| 19.20 | 18.8° | 0.26
1900s | 0.184 | 22.3° | 22.0° | 0.26
1920s 1 0.168 | 25.20 | 25.2° | 0.10
192pt [ 0.146 | - | 32.500.35
194pt [ 0.134| - | 32509035
19%pt | 0.135| - |32.5°]|0.37
198Hg | 0.106 | 36.3° | 38.0° | 0.44
200Hg | 0.098 | 39.1° | 41.0° | 0.44
202Hg | 0.082 | 33.4° | 34.4° | 0.35
204Hg | 0.068 | 31.59 | 31.5% | 0.19

E(2) 3-,/9-8-sin?(3y)

B(Ez;ol—>21)=%. gez-%-ll

3-Z-R; .

Q= \/5

s 3-2-sin’(3y) ]

J9-8:sin?(3y)
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Y36, )|

Y30, p)F

¥3(6, ¢)

Spherical harmonics

1736, )

Y30(91¢):

Tol6.6)= 7

Yio(0,8)= % 3 coso

Y (0,4)=m;- \/7 sin §-e*
Y,0(0.0)= %-(3@0529—1)
Y,4(0.0)= g sin - cos @ - e
Y,.2(0.4)= 3125” sin? g-e*2

(2cos 6 —3c0s@sin? 6?)

'c‘r}
a ~

Y,(0.0)= m\/g (4cos? osin 0—sin® 9)-e*"
Yy, (60, 6)= ;gi cosdsin?g-e"

35
Yy.5(0.0)= in sin® @.e3Y
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