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E2 and E4 transition moments in Yb, Yb, and Yb
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(Received 24 February 1975)

Electric quadrupole and hexadecapoI. e transition matrix elements in the ground-state rota-
tional bands of ~ Yb, ~ Yb, and Yb were measured in precise Coulomb excitation experi-
ments with 13 MeV n particles. The results are (2+11M(E2)IIO+)=2.458+0.012 eb, 2.439+ 0.012
eb, 2.32'5+ 0.018 eb and (4+11M(E4)110+)= 0.22+0' eb 0.21+0'I8 eb 0.28+0'&a~ eb for '~ Yb
7 Yb, and Yb, respectively. Model-dependent charge deformation parameters, P2 and P4,

are deduced from the measured transition moments.

NUCLEAR REACTIONS 7~' 7 ' 78Yb(a. e'), F. =13 MeV measured cr(E~i; 6=1.60o);
deduced (2+11M(E2)110+), (4+11M(E4)110+). Deduced charge deformation parameters,

P, and P4.

I. INTRODUCTION II. EXPERIMENTAL PROCEDURE

The presence of sizable hexadecapole deforma-
tions in both rare-earth and actinide nuclei has
been well established in a number of experiments.
Previous systematic studies of the inelastic scat-
tering of n particles at energies above the Cou-
lomb barrier' ' provided experimental evidence for
P, and P, deformations in the lanthanides. More
recently, inelastic electron scattering' was also
applied to measure hexadecapole deformations. A
considerable body of experimental information
concerning hexadecapole moments has become
available from Coulomb excitation experiments
performed by various authors' " throughout the
rare-earth and actinide regions. Moreover, the
interference effect between Coulomb and nuclear
interactions was used recently to extract" "both
nuclear charge and mass deformation parameters.

Most of the Coulomb excitation studies performed
in the rare-earth region were used to determine E2
and F4 moments in nuclei with 152 (A ~170, while
little information' ' "is available on heavier-
mass lanthanides. Coulomb excitation experiments
in this region become increasingly difficult to ana-
lyze as A increases because the direct E4 transi-
tion to the 4' rotational state, which serves to de-
termine the E4 moment, becomes smaller relative
to the two-step F2 transition. It was the purpose
of this work to perform a precision Coulomb exci-
tation experiment on the even Yb isotopes, thus
supplying more complete information about quadru-
pole and hexadecapole moments in these rare-
earth nuclei. Preliminary results were reported
earlier. "
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FIG. 1, Elastically and inelastically scattered e
particles from ~~4Yb.

The.experiments were performed by bombarding
thin (10-30 p, g/cm'), highly enriched ()96%) tar-
gets of '"Yb, '"Yb, and '"Yb on 20 p, g/cm' car
bon backings with 13 MeV n particles from the
University of Frankfurt Van de Graaff accelerator.
Elastically and inelastically scattered a particles
were detected at 6,„.

„=160'with a cooled Si-sur-
face-barrier detector. The energy resolution was
typically 23 keV, full width at half maximum. A
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spectrum resulting from the '"Yb(o, a') "~Yb re-
action is shown in Fig. 1.

The beam energy for the present study was se-
lected on the basis of an excitation function for
the 2" state of '"Yb which was measured with 2%
accuracy between 12.0 and 14.5 MeV in 250 keV
intervals. Since this excitation function showed no
deviation from pure Coulomb excitation at energies
below 13.5 MeV, the bombarding energy was chosen
to be 13 MeV.

The excitation cross section for the 2' rotational
state was determined relative to the elastic (0')
intensity by means of a computer code" which sep-
arated the 2' and 0' peaks in a self-consistent
iterative manner assuming identical peak shapes.
The intensity of the 4' state was then obtained by
fitting a fourth-order polynomial to the background
above and below the 4' peak. Lines due to small
amounts of contaminants present in the target
material were subtracted from the spectrum. The
statistical uncertainty associated with the 2' in-
tensity was approximately 1.5%, while the 4' cross
section was accurate to within about 2/g.

III. ANALYSIS AND DISCUSSION

In order to extract E2 and E4 transition matrix
elements from the experimental data, Coulomb
excitation cross sections were calculated by means
of a quantum-mechanical coupled-channels code. "
These calculations included all nonvanishing E2
and E4 matrix elements among the 0', 2', and 4'
levels of the ground-state rotational band. Since
Sayer et al."in a recent study of multiple Coulomb
excitation employing "O ions have found that the
Yb isotopes in low angular momentum states (I ~4)
are well described by the rigid-rotor model, we
have used the rigid-rotor relationships to calcu-
late the reduced E2 and E4 matrix elements in the
ground-state band. In this limit the matrix ele-
ments are given by

(l~ ((M(EA) ))I;) = [(2I;+1)(2A.+1)/16&]

x Q„,(I,A.00 iIq0),

where Q» is the electric multipole moment of or-
der A. in the intrinsic frame,

q„= [16~j(2~+1)]"2

x p r, P„,r'Y&, OdT. (2)

With Eq. (1) the various transition matrix elements
between the ground-band states are expressed zn

terms of the reduced matrix elements (2 ~(M(E2)~(0)
and (4 ((M(E4) ~(0), which, in turn, are extracted
from experiment by comparing the calculated ex-
citation probabilities of the 2' and 4' state with
the experimentally measured values.

The sign of (2 ~~M(E2) ~~0) was taken to be positive
to yield, with the phase convention chosen, a pro-
late quadrupole shape of the Yb nuclei. The sign of
(4 ~(M(E4) ~~0) is not unambiguously determined from
the present experiment, however. For a given ex-
perimental excitation probability of the 4' state,
there exist two solutions for the E4 matrix ele-
ment with opposite signs, the positive of which was
chosen. If the negative value had been selected,
the extracted hexadecapole deformation parameter
would have been much larger than expected on
theoretical grounds. The reduced E2 and E4 ma-
trix elements obtained from the present data are
summarized in Table I. Also shown in this table
are results of Greenberg and Shaw' which were re-
ported previously. It is seen that the two sets of
matrix elements are in very good agreement.

If more than the 0+, 2', and 4' ground-band lev-
els are included in the coupled-channels calcula-
tions, the computed excitation cross sections for
the 2' and 4' states are slightly altered. Calcula-
tions employing the semiclassical code of Winther
and de Boer" showed that inclusion of the 6' state
changes the calculated 4' cross section by approx-
imately 0.6/p, while contributions due to the exci-
tation of higher states, e.g. P, y, and octupole vi
brational states, are negligibly small. Since the
experimental error associated with the 4' cross
section is considerably larger than the modification
due to the 6' state, we chose to neglect the 6' lev-
el, as well as higher states in the quantum-me-

TABLE I. Reduced E2 and E4 transition matrix elements in Yb nuclei.

&2 II M(Z2) II O &

(e b) (e b')
Present work Previous work Present work Previous work

172Yb

&76Yb

2.456 + 0.012

2.439+ 0.012

2.325+ 0.018

2.433 + 0.012

0,22+
o 'f8

0 21+0.i4

0.28+
o '. 2o

0.23 + 0.17

'See Ref. 6.
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TABLE II. Quadrupole and hexadecapole deformation parameters.

Experiment
Homogeneous distribution Fermi distribution

P2 P4 P2 J6'4

Theory
Osc illator Woods-Saxon
potential potential

P2 P4 ~2 P4

172Yb p 284+0 010 0 pp6+0 027

Yb 0.280+ 0'007 -0.007 0'040

0 326 0'008

(0.294)

-0 008

—0 008'-o'. o43

(-O.OO7)

0 007-o.oo513

0.300 -0.012 0.28 —0.04

0.295 —0.024 0.28 -0.05

176Yb p 263+0.011 p p] 2+0.023

(O.291)

p 3pj+ 0 ~ 012

(O.272)

(-0.008)

0.011+0'()46 0.290 -0.037 0.28 -0.05

(0.009)

Ro = 1,10A ~3 fm, a = 0.6 fm. Values in parentheses were obtained with Ro = 1.16A1~3 fm,
a = 0.66 fm.

See Ref. 19.
See Ref. 20.

chanical calculations tha, t yielded the results given
in Table I.

The reduced E2 and E4 matrix elements were
used to extract quadrupole and hexadecapole de-
formation parameters P, and P, for the nuclear
charge distribution. It is seen from Eqs. (1) and

(2) that the reduced EA matrix element is given by

(&III(E&)IIo&=
~

p(r, p. , p.)r'I;, (6)dT

The integral was solved numerically for ~ = 2 and
4 assuming two different models for the charge
density. For a homogeneous charge distribution
p(r, P„P,) is given by

( ) jp, r ~R(6)

)0 r&R(6)
(4)

where the charge surface

R(6) = R, l
1 + P, I'„(6)+ P, l;,(6)j .

For a diffuse-surface Fermi distribution the fol-
lowing form was used

p(r, P„P,) = p, 1+exp
r -R(6} — '

a

Normalization of the integral in Eq. (2) was ac-
complished by adjusting p, to give the total nuclear
charge Ze = fp(r, P„P,)dT, while both the radius pa-
rameter R, and the diffuseness a were held con-
stant. For the Fermi distribution the radius was

taken to be R, =1.1A' ' fm and the diffuseness a
= 0.6 fm. Employing the alternative normalization
procedure, viz. adjusting R, and holding p, con-
stant, leaves the results for P, and P, virtually un-
changed. Deformation parameters for the homo-
geneous charge density were extracted using R,
=1.22A' ' fm to facilitate comparison with theory. "
The quadrupole and hexadecapole deformations ob-
tained from the present experiment are summa-
rized in Table II, along with theoretical values for
the equilibrium deformations P, and P,.

Comparing the extracted P, and P, values with
theory we note good agreement of our results for
'"Yb and '"Yb with the calculations of Moiler"
for a, generalized oscillator potential. The results
of Gotz et a/. "who used a Woods-Saxon potential
for their calculation of equilibrium deformations
a,re also in good agreement with our values, pro-
vided the same potential parameters as in Ref. 20
are used to extract the P), values from the reduced
E2 a,nd E4 transition matrix elements, i.e. , R,
=1.16A~' fm a.nd a=0.66 fm. As can be noted from
Table II, the experimental P4 parameters appear
to be systematically smaller than the ca,lculated
values. Moreover, the result for P, in '"Yb de-
rived from the present experiment is positive, in
contrast to the theoretical predictions and pre-
vious (o., n') studies' "above the Coulomb barrier.
In view of the sizable experimental uncertainties
associated with the hexadecapole deformations it
is probably premature to draw conclusions from
these deviations, however. It would be desirable
to perform additional experiments in this region of
the Periodic Table to verify the trend of the hex-
adecapole deformations.
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